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Where to find this talk
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Homework lesson #5
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Hillier and Lieberman (2015) Operation Research (10th

edition)   
https://www.andreasaltelli.eu/file/repository/Introduction_to_Operations_Research_10th_Frederick_S_Hillier.pdf

Mann, P.S. (2010) Introductory Statistics. 7th edition. Wiley.
https://www.andreasaltelli.eu/file/repository/Mann_Introductory_Statistics_7th_Ed_.pdf
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1) Read pages 208-225 of the Mann book and solve all exercises from 5.41 to 5.44. It 
is not forbidden to use Excel. 

5.41 A ski patrol unit has nine members available for duty, and two of them are to be sent to rescue an injured skier. In how 

many ways can two of these nine members be selected? Now suppose the order of selection is important. How many 

arrangements are possible in this case?

Combinations 
9
2

=
9!

2!7!
=

9∗8

2
= 36

Permutations 
9!

9−2 !
= 9 ∗ 8 = 72

5.42 An ice cream shop offers 25 flavors of ice cream. How many ways are there to select 2 different flavors from these 25 

flavors? How many permutations are possible?

Combinations 
25
2

=
25!

2!23!
=

25∗24

2
= 300

Permutations 
25!

25−2 !
= 25 ∗ 24 =600
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1) Read pages 208-225 of the Mann book and solve all exercises from 5.41 to 5.44. It is 
not forbidden to use Excel. 

5.43 A veterinarian assigned to a racetrack has received a tip that one or more of the 12 horses in the third race have been doped. 

She has time to test only 3 horses. How many ways are there to randomly select 3 horses from these 12 horses? How many 

permutations are possible?

Combinations 
12
3

=
12!

3!9!
=

12∗11∗10

3∗2
= 220

Permutations 
12!

12−3 !
= 12 ∗ 11 ∗ 10 = 1,320

5.44 An environmental agency will randomly select 4 houses from a block containing 25 houses for a radon check. How many 

total selections are possible? How many permutations are possible? 

Combinations 
25
4

=
25!

4!21!
=

25∗24∗23∗22

4∗3∗2
= 12,650

Permutations 
25!

25−4 !
= 25 ∗ 24 ∗ 23 ∗ 22 =303,600
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5.46 A company employs a total of 16 workers. The management 

has asked these employees to select 2 workers who will 

negotiate a new contract with management. The employees have 

decided to select the 2 workers randomly. How many total 

selections are possible? Considering that the order of selection is 

important, find the number of permutations.

A) 120
B) 240

Classroom (3)
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Classroom

4) Solve Hillier online book problem 12.1.3 page 534, only question (a) Formulate a BIP model 
for this problem.

12.1-3. A real estate development firm, Peterson and Johnson, is considering five possible development 
projects. The following table shows the estimated long-run profit (net present value) that each project would 
generate, as well as the amount of investment required to undertake the project, in units of millions of dollars. 
The owners of the firm, Dave Peterson and Ron Johnson, have raised $20 million of investment capital for these 
projects. Dave and Ron now want to select the combination of projects that will maximize their total estimated 
long-run profit (net present value) without investing more that $20 million. (a) Formulate a BIP model for this 
problem.

Maximize  
𝑍 = 𝑥1 + 1.8𝑥2 + 1.6𝑥3 + 0.8𝑥4 + 1.4𝑥5

Subject to 
6𝑥1 + 12𝑥2 + 10𝑥3 + 4𝑥4 + 8𝑥5 ≤ 20

and 

𝑥𝑗 , 𝑗 = 1,2, … 6 binary 
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Classroom

5) Solve Hillier online book problem 12.1.4 page 534, only question (a) Formulate a BIP model 
for this problem.

2.1-4. The board of directors of General Wheels Co. is considering six large capital investments. Each 
investment can be made only once. These investments differ in the estimated long-run profit (net present 
value) that they will generate as well as in the amount of capital required, as shown by the following table (in 
units of millions of dollars):

The total amount of capital available for these investments is $100 million. Investment opportunities 1 and 2 are 
mutually exclusive, and so are 3 and 4. Furthermore, neither 3 nor 4 can be undertaken unless one of the first 
two opportunities is undertaken. There are no such restrictions on investment opportunities 5 and 6. The 
objective is to select the combination of capital investments that will maximize the total estimated long-run 
profit (net present value). (a) Formulate a BIP model for this problem.
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Maximize  
𝑍 = 15𝑥1 + 12𝑥2 + 16𝑥3 + 18𝑥4 + 9𝑥5 + 11𝑥6

Subject to 
38𝑥1 + 33𝑥2 + 39𝑥3 + 45𝑥4 + 23𝑥5 + 27𝑥6 ≤ 100

… and subject to  

𝑥1 + 𝑥2 ≤ 1
𝑥3 + 𝑥4 ≤ 1
𝑥3 ≤ 𝑥1 + 𝑥2

𝑥4 ≤ 𝑥1 + 𝑥2

with 𝑥𝑗 , 𝑗 = 1,2, … 6 binary 
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1. No more than two of the products can be produced.

2. Either product 3 or 4 can be produced only if either 
product 1 or 2 is produced.

3. Either 
5𝑥1 + 3𝑥2 + 6𝑥3 + 4𝑥4 ≤ 6,000

Or 
4𝑥1 + 6𝑥2 + 3𝑥3 + 5𝑥4 ≤ 6,000

6) Solve Hillier online book problem 12.3-1. page 535, only question (a) Formulate a BIP model 
for this problem.

2.3-1.* The Research and Development Division of the Progressive Company has been developing four possible 
new product lines. Management must now make a decision as to which of these four products actually will be 
produced and at what levels. Therefore, an operations research study has been requested to find the most 
profitable product mix. A substantial cost is associated with beginning the production of any product, as given 
in the first row of the following table. Management’s objective is to find the product mix that maximizes the 
total profit (total net revenue minus start-up costs). Let the continuous decision variables x1, x2, x3, and x4 be 
the production levels of products 1, 2, 3, and 4, respectively. Management has imposed the following policy 
constraints on these variables:

(a) Introduce auxiliary binary variables to formulate a mixed BIP model for this problem.
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Maximize
(70𝑥1 − 50,000)𝑦1 + (60𝑥2 − 40,000)𝑦2 + (90𝑥3−70,000)𝑦3 + (80𝑥4 − 60,000)𝑦4

Subject to: 
𝑦1 + 𝑦2 + 𝑦3 + 𝑦4 ≤ 2

5𝑥1 + 3𝑥2 + 6𝑥3 + 4𝑥4 ≤ 6,000 + 𝑀𝑦5

4𝑥1 + 6𝑥2 + 3𝑥3 + 5𝑥4 ≤ 6,000 + 𝑀(1 − 𝑦5)

𝑦3 ≤ 𝑦1 + 𝑦2

𝑦4 ≤ 𝑦1 + 𝑦2

with 𝑥𝑗 ≥ 0,  𝑗 = 1,2,3,4,5 𝑦𝑗 , 𝑗 = 1,2,3,4,5 binary, and 𝑀 a large number
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Maximize
(70𝑥1 − 50,000)𝑦1 + (60𝑥2 − 40,000)𝑦2 + (90𝑥3−70,000)𝑦3 + (80𝑥4 − 60,000)𝑦4

Subject to: 
𝑦1 + 𝑦2 + 𝑦3 + 𝑦4 ≤ 2

5𝑥1 + 3𝑥2 + 6𝑥3 + 4𝑥4 ≤ 6,000 + 𝑀𝑦5

4𝑥1 + 6𝑥2 + 3𝑥3 + 5𝑥4 ≤ 6,000 + 𝑀(1 − 𝑦5)

𝑦3 ≤ 𝑦1 + 𝑦2

𝑦4 ≤ 𝑦1 + 𝑦2

with 𝑥𝑗 ≥ 0,  𝑗 = 1,2,3,4,5 𝑦𝑗 , 𝑗 = 1,2,3,4,5 binary, and 𝑀 a large number

Some may prefer to maximize  
70𝑥1 + 60𝑥2 + 90𝑥3 + 80𝑥4 −50,000𝑦1 −40,000𝑦2 

− 70,000𝑦3 −60,000𝑦4 

With the additional constraints  
𝑥1 ≤ 𝑀𝑦1

𝑥2 ≤ 𝑀𝑦2

𝑥3 ≤ 𝑀𝑦3

𝑥4 ≤ 𝑀𝑦4

This is OK but increases the number of 
constraints 
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Where were we left?
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The solution was laborious, Needs book-
keeping of how objectives and constraints 
change in the various branches, and repeated 
recourse to LP, simplex calculations 

The choice was if building a new factory in either Los Angeles or San Francisco, or perhaps even in both cities. It also is 
considering building at most one new warehouse, but the choice of location is restricted to a city where a new factory is 
being built.
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But this was a very simple problem in 4 
variables;
• Would it have been possible to solve this 

problem ‘brute force’? 
• How many leaves would there be in this 

tree in total?
• Would we need to apply LP? 
• Do you agree that each string of 4 zero or 

one number (example 0110) describes a 
leave?

• Please write them down  Maximize 𝑍 = 9𝑥1 + 5𝑥2 + 6𝑥3 + 4𝑥4

Subject to: 
6𝑥1 + 3𝑥2 + 5𝑥3 + 2𝑥4 ≤ 10
−𝑥1 + 𝑥3≤ 0
−𝑥2 + 𝑥4≤ 0
𝑥3 + 𝑥4 ≤1
and

𝑥𝑗 binary for 𝑗 = 1,2,3,4

0000
0001
0010
0011
0100
0101
0110
0111
1000
1001
1010
1011
1100
1101
1110
1111

0
1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
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In this set of slides:

16 Nonlinear programming 
17 Decision Analysis
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Nonlinear  Programming

Problem framing and examples. Graphical illustration. 
Bisection  and Newton methods of solution. 
Metaheuristics. Genetic algorithms. Examples of 
nonlinear models. Python coding. Exploration versus 
optimization. Hillier 2014, chapters 13 and 14.

16.
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Problem setting 

Finding values of 𝒙 = 𝑥1, 𝑥2, … 𝑥𝑛 as 
to maximize or minimize a generic 
function 𝑓 𝒙 subject to 

𝑔𝑖 𝒙 ≤ 𝑏𝑖  𝑖 = 1,2, … 𝑚

and  

𝒙 ≥ 0

Is this specification  necessary?
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Problem setting 

Finding values of 𝒙 = 𝑥1, 𝑥2, … 𝑥𝑛 as to 
maximize or minimize a generic function 
𝑓 𝒙 subject to 

𝑔𝑖 𝒙 ≤ 𝑏𝑖  𝑖 = 1,2, … 𝑚

and  

𝒙 ≥ 0

What is the difference from 
the linear problem? 3) Which of the following constraints are not linear 

a) 9𝑥1 + 3𝑥2𝑥3 ≤ 6

b) 4𝑥1 + 2𝑥2
3≥ 9

c)  𝑥1 + 3𝑥2 ≤ 6

d) 5 𝑥1 +3𝑥2 +2𝑥3 ≤ 25

Remember this classroom 
exercise  
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Many ways in which a linear problem can 
become nonlinear  

Linear: there is a fixed unit profit 
associated with each product, so the 
resulting objective function will be linear  

Nonlinear: prices 𝑝(𝒙) are subject to 
elasticity 
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But the higher the price, 
the less is sold … 

… While here the 
production cost 
remain constant

The firm’s profit P
from producing
and selling 𝑥 units is 
given by the nonlinear 
function  

𝑃 𝑥 = 𝑥𝑝 𝑥 − 𝑐𝑥

How should the price 
curve change to make 
the problem linear? 

➔ Price constant and profit linear 
as per the linearity assumption 
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The firm’s profit P from producing and selling 𝑥 units is given by the 
nonlinear function  

𝑃 𝑥 = 𝑥𝑝 𝑥 − 𝑐𝑥

Elastic prices …  
… Lead to non linear 
profits
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But the production cost may as well be a non-linear function, e.g. in the 
case of increasing or diminishing returns  

𝑃 𝑥 = 𝑥𝑝 𝑥 − 𝑐𝑥

What happens to 𝑐 in the two cases?
Is 𝑐 itself a function of 𝑥 ? 
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In transportation problems the shipping costs 
may decrease with the volume shipped 

Decreasing unitary cost 
…  

… Piecewise total cost



26

In portfolio modelling the decision variable could be 
the number of shares of a given stock 𝑥𝑗 , 𝑖 = 1,2, … 𝑛

to be included 

Assume known the mean return of stock 𝑗 and its 

variance 𝑗𝑗. Also assume that 𝑗𝑗 is a proxy of the 

risk for that stock. 

But the fluctuations of the stock are not independent, 
se we also need to know the covariances 𝑖𝑗 , 𝑖 ≠ 𝑗,

𝑖, 𝑗 = 1,2 … 𝑛

Return from the entire portfolio 𝑅 𝒙 = σ𝒋
𝒏𝑗x𝑗

Variance 𝑉(𝒙) of the total return 𝑉 𝒙 =
σ𝑗=1

𝑛 σ𝑖=1
𝑛 𝑖𝑗x𝑖x𝑗

Source: https://www.britannica.com/money/topic/stock-exchange-finance
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So the nonlinear problem is 
Minimize 

𝑉 𝒙 = ෍

𝑗=1

𝑛

෍

𝑖=1

𝑛

𝑖𝑗x𝑖x𝑗  

Subject to 

σ𝒋
𝒏𝑗x𝑗 ≥ 𝑳 where 𝑳 is the minimum profit desired  

σ𝒋
𝒏 P𝑗x𝑗 ≤ 𝑩 where P𝑗 is the cost of stock 𝑗 and 𝑩 is the 

budget available for the portfolio 

x𝑗 ≥ 0, 𝑖 = 1,2, … 𝑛

(Hiller, p. 551) 

Source: https://www.britannica.com/money/topic/stock-exchange-finance

… or should it be 

𝑉 𝒙 = ෍

𝑗=1

𝑛

෍

𝑖=1

𝑗

𝑖𝑗x𝑖x𝑗

But is this 
correct? 

𝑉 𝒙 = ෍

𝑗=1

𝑛

෍

𝑖=1

𝑗

𝑖𝑗x𝑖x𝑗
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So the nonlinear problem is 
Minimize 

𝑉 𝒙 = ෍

𝑗=1

𝑛

෍

𝑖=1

𝑛

𝑖𝑗x𝑖x𝑗  

Subject to 

σ𝒋
𝒏𝑗x𝑗 ≥ 𝑳 where 𝑳 is the minimum profit desired  

σ𝒋
𝒏 P𝑗x𝑗 ≤ 𝑩 where P𝑗 is the cost of stock 𝑗 and 𝑩 is the 

budget available for the portfolio 

x𝑗 ≥ 0, 𝑖 = 1,2, … 𝑛

There is a trade off between 𝑳
and 𝑉 𝒙

(higher profit associated to 
higher risk) 

So that this problem is solved for 
a range of values of 𝑳 and 
comparing for each 𝑳 the 
associated 𝑅 𝒙 = σ𝒋

𝒏𝑗x𝑗 and 

𝑉(𝒙)

“Therefore, rather than stopping with one choice of L, it is common to use a 

parametric (nonlinear) programming approach to generate the optimal solution 

as a function of L over a wide range of values of L. The next step is to examine 

the values of R(x) and V(x) for these solutions that are optimal for some value of 

L and then to choose the solution that seems to give the best trade-off between 

these two quantities.” (Hillier, p. 552)
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Agree: better to look at the 
entire output distribution of 
the return 𝑅 𝒙 = σ𝒋

𝒏𝑗x𝑗, 

including its tails, and have a 
sensitivity analysis to go with 
it, as to learn where the worst 
outcomes are coming from  

“Therefore, rather than stopping with one choice of L, it is common to use a 

parametric (nonlinear) programming approach to generate the optimal solution 

as a function of L over a wide range of values of L. The next step is to examine 

the values of R(x) and V(x) for these solutions that are optimal for some value of 

L and then to choose the solution that seems to give the best trade-off between 

these two quantities.” (Hillier, p. 552)

From Lesson #3
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The estimation of the 𝑖𝑗 is a delicate matter; 

the case of the subprime mortgage crisis 
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Here is what killed your 401(k)…

Li’s Gaussian copula function … 

Felix Salmon, Wired, February 2009

Source: https://www.wired.com/2009/02/wp-quant/
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Rober Merton, Myron Scholes and Fisher Black  

Source https://www.fynsa.com/en/newsletter/

Financial econometrics has always been risky

Scholes and Merton were awarded the 
1973 (so-called) Nobel Prize in 
Economic Sciences (Black had passed away) 

Scholes and Merton created the Long-Term 
Capital Management (LCP) fund in 1994

In 1998 the fund had to be bailed out by the 
Feds  

The story and more here
What killed LTC

•Extreme market volatility,

•Correlated risk across seemingly unrelated assets,

•Inadequate attention to liquidity risks,

•Assumptions of normal market behaviour, and

•Excessive leverage.
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Since we mentioned him …

2014

2010

2018

Nassim Nicholas Taleb

Source: Wikipedia Commons
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Linear Nonlinear

Back to Hiller: an old example made nonlinear
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The solution still happens to be on the boundary of the feasible region, but 
there are no longer the corner points feasible (CPF) to help us 
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If we now maintain the old 
constraints of the linear 
problem i.e.

𝑥1 ≤ 4
2𝑥2 ≤ 12

3𝑥1 + 2𝑥2 ≤ 18 
𝑥1 ≥ 0
𝑥2 ≥ 0

But change the objective 
function to  a nonlinear form

𝑍 = 126𝑥1 − 9𝑥1
2 + 182𝑥2 − 13𝑥2

2
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If we now maintain the old 
constraints of the linear 
problem i.e.

𝑥1 ≤ 4
2𝑥2 ≤ 12

3𝑥1 + 2𝑥2 ≤ 18 
𝑥1 ≥ 0
𝑥2 ≥ 0

…or to another nonlinear form 

𝑍 = 54𝑥1 − 9𝑥1
2 + 78𝑥2 − 13𝑥2

2

The point 𝑥1, 𝑥2 = 3,3 is a maximum.  

Differentiate with respect to 𝑥1, 𝑥2

𝑍 = 54𝑥1 − 9𝑥1
2 + 78𝑥2 − 13𝑥2

2

𝜕𝑍

𝜕𝑥1
= 54 − 18𝑥1

𝜕𝑍

𝜕𝑥2
= 78 − 26𝑥2

Set both derivatives to zero and 
resolve 

𝜕𝑍

𝜕𝑥1
= 0 gives 𝑥1 = 3

𝜕𝑍

𝜕𝑥2
= 0 gives 𝑥2 = 3
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The solution can be anywhere in the feasible region, no longer just on its frontier 
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Other complications of the nonlinear problem: there can be more maxima 
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In order to have just one maximum the objective function must be concave over the entire 
dominion of the search. Similarly for a convex function there is guarantee of just one minimum

𝜕2𝑓(𝑥)

𝜕𝑥2
≤0 

concave

𝜕2𝑓(𝑥)

𝜕𝑥2
≥ 0

convex

Concave or convex?

Concave or convex?
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“A convex set is simply a set 
of points such that, for each 
pair of points in the 
collection, the entire line 
segment joining these two 
points is also in the 
collection” 
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In the case of constraints the existence of a global maximum is conditioned by the shape of the 
feasible region. If the feasible region is a convex set, then the global maximum is ensured.

Both convex? 

Note: in linear 
programming 
the feasible 
region is 
always a 
convex set
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= you can reach each point in the set from each other point 
in the set by walking in a straight line 

The feasible region is a convex set in both these cases 

Source: https://mwpetersonlaw.com/
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Is this feasible region convex? 
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A nonlinear programming problem with constraints 𝑔𝑖 𝒙 ≤
𝑏𝑖  𝑖 = 1,2, … 𝑚 has a global maximum when the objective 𝑓(𝑥)
is a concave function and all the 𝑔𝑖 𝒙 are convex

➔ This is known as convex programming problem 

In fact this is 
a special 
case … 

Source: https://www.researchgate.net/publication/315450072_Penalty_function_methods_using_matrix_laboratory_MATLAB/

… of that

Convex
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The minimum/maximum can be anywhere; 

Exercise: 

- unconstrained problem, write a function 
𝑓 𝑥  whose maximum is in 𝑥 = 0

For example 𝑓 𝑥 = −𝑥2

- unconstrained problem, write a function 
𝑓 𝑥1, 𝑥2  whose minimum is in 3,3

For example 𝑓 𝑥1, 𝑥2 = (𝑥1 − 3)2+(𝑥2 − 3)2

- Draw 𝑓 𝑥 = 6𝑥 − 𝑥2 between 𝑥 = 0 and 𝑥 = 6 and 
find the maximum  

Source: https://simpsons.fandom.com/wiki/Bart_Gets_Famous
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The maximum of 𝑓 𝑥 = 6𝑥 − 𝑥2 is at 
𝑥 = 3 where: 

𝜕𝑓(𝑥)

𝜕𝑥
= 6 − 2𝑥 = 0
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Ask ChatGTP

Go to

https://openai.com/

Login or create 
account 

Ask ChatGPT to 
write a program 
in Python to plot 
6𝑥 − 𝑥2
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Launch Anaconda and 
Spyder 

ChatGPT and Spyder-Python 
disagree here – tell me what 
you find 

Install Anaconda from 
https://www.anaconda.com/download

https://www.anaconda.com/download
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Execute 
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Execute 
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Digression: is using ChatGPT cheating? 

Source: The Simpsons, Twentieth Century Fox Film Corporation
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Bisection method (Bolzano search plan) – for concave functions. 

If a continuous function has values of opposite sign inside an interval, 
then it has a root in that interval (Bolzano's theorem)   

Bernardus Placidus
Johann Nepomuk

Bolzano, 1781-1848
Source: Wikipedia 

Commons 

Not rocket science!

I can get closer and 
closer to the zero by 
choosing iteratively 
the midpoints … 
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Bisection method (Bolzano search plan) – for concave functions. 

If a continuous function has values of opposite sign inside an interval, 
then it has a root in that interval (Bolzano's theorem)   

Applying this theorem to the derivative 
𝜕𝑓(𝑥)

𝜕𝑥
, knowing that for concave 

functions the maximum corresponds to the point where 
𝜕𝑓(𝑥)

𝜕𝑥
= 0 one can 

first identify an interval where 
𝜕𝑓(𝑥)

𝜕𝑥
changes sign, then reduce the 

dimension interval iteratively to get the solution 
Bernardus Placidus
Johann Nepomuk

Bolzano, 1781-1848
Source: Wikipedia 

Commons 
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Notation 

𝑥∗ solution being sought 

 tolerance in the search of 𝑥∗

𝑥′ current trial solution 

𝑥𝑙 current lower bound 

𝑥𝑢 current upper bound 

We want the maximum of 

𝑓 𝑥 = 6𝑥 − 𝑥2 −
𝑥3

3

Setting the tolerance  at 
0.1 (10%)
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Procedure: Find extreme 𝑥𝑢 and 𝑥𝑙 so that ቚ
𝜕𝑓(𝑥)

𝜕𝑥 𝑥=𝑥𝑙

<0, while ቚ
𝜕𝑓(𝑥)

𝜕𝑥 𝑥=𝑥𝑢

>0 

and initialize 𝑥′ =
𝑥𝑙+𝑥𝑢

2

1) Evaluate 
𝜕𝑓(𝑥)

𝜕𝑥
at x = 𝑥′

2) if ቚ
𝜕𝑓(𝑥)

𝜕𝑥 𝑥=𝑥′
<0 redefine 𝑥𝑙= 𝑥′

3) if ቚ
𝜕𝑓(𝑥)

𝜕𝑥 𝑥=𝑥′
>0 redefine 𝑥𝑢= 𝑥′

4) Update 𝑥′ =
𝑥𝑙+𝑥𝑢

2

Iterate 1-4 till 𝑥𝑢 − 𝑥𝑙 ≤ 2 so that new 𝑥′must be within  of 𝑥∗
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Use the procedure to find 
a local maximum of 

𝑓 𝑥 = 6𝑥 − 𝑥2 −
𝑥3

3

Between 1. and 2. Set the 
tolerance  at 0.1 (10%)

Help: 
𝜕𝑓(𝑥)

𝜕𝑥
= 6 − 2𝑥 − 𝑥2

Source: https://simpsons.fandom.com/wiki/Bart_Gets_Famous

Searching for this 
maximum 
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Procedure: Find extreme 𝑥𝑢 and 𝑥𝑙 so that 

ቚ
𝜕𝑓(𝑥)

𝜕𝑥 𝑥=𝑥𝑙

<0, while ቚ
𝜕𝑓(𝑥)

𝜕𝑥 𝑥=𝑥𝑢

>0 and initialize 𝑥′ =

𝑥𝑙+𝑥𝑢

2

1) Evaluate 
𝜕𝑓(𝑥)

𝜕𝑥
at x = 𝑥′

2) if ቚ
𝜕𝑓(𝑥)

𝜕𝑥 𝑥=𝑥′
<0 redefine 𝑥𝑙= 𝑥′

3) if ቚ
𝜕𝑓(𝑥)

𝜕𝑥 𝑥=𝑥′
>0 redefine 𝑥𝑢= 𝑥′

4) Update 𝑥′ =
𝑥𝑙+𝑥𝑢

2

Iterate 1-4 … 

Use the procedure to find a local maximum of 

𝑓 𝑥 = 6𝑥 − 𝑥2 −
𝑥3

3

Between 1. and 2. 

Help: 
𝜕𝑓(𝑥)

𝜕𝑥
= 6 − 2𝑥 − 𝑥2

Searching for this 
maximum 𝑥 𝜕𝑓(𝑥)

𝜕𝑥

1 3

2 -2

𝑥𝑙 𝑥𝑢 ቤ
𝜕𝑓(𝑥)

𝜕𝑥
𝑥=𝑥𝑙

ቤ
𝜕𝑓(𝑥)

𝜕𝑥
𝑥=𝑥𝑢

𝑥′

1 2 3 -2 1.5
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Procedure: Find extreme 𝑥𝑢 and 𝑥𝑙 so that 

ቚ
𝜕𝑓(𝑥)

𝜕𝑥 𝑥=𝑥𝑙

<0, while ቚ
𝜕𝑓(𝑥)

𝜕𝑥 𝑥=𝑥𝑢

>0 and initialize 𝑥′ =

𝑥𝑙+𝑥𝑢

2

1) Evaluate 
𝜕𝑓(𝑥)

𝜕𝑥
at x = 𝑥′

2) if ቚ
𝜕𝑓(𝑥)

𝜕𝑥 𝑥=𝑥′
<0 redefine 𝑥𝑙= 𝑥′

3) if ቚ
𝜕𝑓(𝑥)

𝜕𝑥 𝑥=𝑥′
>0 redefine 𝑥𝑢= 𝑥′

4) Update 𝑥′ =
𝑥𝑙+𝑥𝑢

2

Iterate 1-4 … 

Use the procedure to find a local maximum of 

𝑓 𝑥 = 6𝑥 − 𝑥2 −
𝑥3

3

Between 1. and 2. 

Help: 
𝜕𝑓(𝑥)

𝜕𝑥
= 6 − 2𝑥 − 𝑥2

Searching for this maximum 

𝑥𝑙 𝑥𝑢 ቤ
𝜕𝑓(𝑥)

𝜕𝑥
𝑥=𝑥𝑙

ቤ
𝜕𝑓(𝑥)

𝜕𝑥
𝑥=𝑥𝑢

𝑥′

1 2 3 -2 1.5

1.5 2 0.75 -2 1.5 + 2

2

ቤ
𝜕𝑓(𝑥)

𝜕𝑥
𝑥=𝑥′

0.75

…
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Procedure

Find extreme 𝑥𝑢 and 𝑥𝑙 so that ቚ
𝜕𝑓(𝑥)

𝜕𝑥 𝑥=𝑥𝑙

<0, while 

ቚ
𝜕𝑓(𝑥)

𝜕𝑥 𝑥=𝑥𝑢

>0 and initialize 𝑥′ =
𝑥𝑙+𝑥𝑢

2

1) Evaluate 
𝜕𝑓(𝑥)

𝜕𝑥
at x = 𝑥′

2) if ቚ
𝜕𝑓(𝑥)

𝜕𝑥 𝑥=𝑥′
<0 redefine 𝑥𝑙= 𝑥′

3) if ቚ
𝜕𝑓(𝑥)

𝜕𝑥 𝑥=𝑥′
>0 redefine 𝑥𝑢= 𝑥′

4) Update 𝑥′ =
𝑥𝑙+𝑥𝑢

2

Iterate 1-4 till 𝑥𝑢 − 𝑥𝑙 ≤ 2 so that new 𝑥′must be 
within  of 𝑥∗

By hand, I get x=1.72, 
𝜕𝑓(𝑥)

𝜕𝑥
~0.4 

after 3 iterations and some 
number crunching; search 
interval 𝑥 ∈ (1,2)

The procedure is laborious 
(slow convergence)  
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Newton’s method

Newton is credited to have discovered calculus (in parallel with Leibniz) 
and his method is that of a quadratic approximation based on a truncated 
Taylor series 

Source: Wikipedia Commons 

We stop (truncate) now at the second 
order term 

Isac Newton (1643-1727) 

𝑓 𝑥𝑖+1 = 𝑓 𝑥𝑖 + ቚ
𝜕𝑓(𝑥)

𝜕𝑥 𝑥=𝑥𝑖

𝑥𝑖+1 − 𝑥𝑖 +
1

2
ቚ

𝜕2𝑓(𝑥)

𝜕𝑥2
𝑥=𝑥𝑖

𝑥𝑖+1 − 𝑥𝑖
2 +

1

6
ቚ

𝜕3𝑓(𝑥)

𝜕𝑥3
𝑥=𝑥𝑖

𝑥𝑖+1 − 𝑥𝑖
3 …+

1

𝑛!
ቚ

𝜕𝑛𝑓(𝑥)

𝜕𝑥𝑛
𝑥=𝑥𝑖

𝑥𝑖+1 − 𝑥𝑖
𝑛



62

Looking at this as a function of only 𝑥𝑖+1, with 𝑥𝑖 and its derivative as fixed

𝑓 𝑥𝑖+1 = 𝑓 𝑥𝑖 + ቚ
𝜕𝑓(𝑥)

𝜕𝑥 𝑥=𝑥𝑖

𝑥𝑖+1 − 𝑥𝑖 +
1

2
ቚ

𝜕2𝑓(𝑥)

𝜕𝑥2
𝑥=𝑥𝑖

𝑥𝑖+1 − 𝑥𝑖
2 +…

Source: The Simpson, 20th Television 
Animation (The Walt Disney Company)

𝑓 𝑢 = 𝑓 𝑥𝑖 + ቚ
𝜕𝑓(𝑥)

𝜕𝑥 𝑥=𝑥𝑖

𝑢 − 𝑥𝑖 +
1

2
ቚ

𝜕2𝑓(𝑥)

𝜕𝑥2
𝑥=𝑥𝑖

𝑢 − 𝑥𝑖
2 +…

Putting 
𝜕𝑓(𝑢)

𝜕𝑢
= 0 we get: ቚ

𝜕𝑓(𝑥)

𝜕𝑥 𝑥=𝑥𝑖

+ ቚ
𝜕2𝑓(𝑥)

𝜕𝑥2
𝑥=𝑥𝑖

𝑢 − 𝑥𝑖 = 0

𝑥𝑖+1 = 𝑥𝑖 −

ฬ
𝜕𝑓(𝑥)

𝜕𝑥 𝑥=𝑥𝑖

ฬ
𝜕2𝑓(𝑥)

𝜕𝑥2
𝑥=𝑥𝑖

Reordering we get this beauty  

Just renamed 𝑥𝑖+1as 𝑢

ቚ
𝜕𝑓(𝑥)

𝜕𝑥 𝑥=𝑥𝑖

+ ቚ
𝜕2𝑓(𝑥)

𝜕𝑥2
𝑥=𝑥𝑖

𝑥𝑖+1 − 𝑥𝑖 = 0

or
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Using the beauty 𝑥𝑖+1 = 𝑥𝑖 −
ቚ

𝜕𝑓(𝑥)

𝜕𝑥 𝑥=𝑥𝑖

ฬ
𝜕2𝑓(𝑥)

𝜕𝑥2
𝑥=𝑥𝑖

The procedure is simple: find a trial value 𝑥𝑖 by inspection 

1) Evaluate ቚ
𝜕𝑓(𝑥)

𝜕𝑥 𝑥=𝑥𝑖

2) Evaluate ቚ
𝜕2𝑓(𝑥)

𝜕𝑥2
𝑥=𝑥𝑖

3) Compute 𝑥𝑖+1 as from the formula above 

Iterate 1-3 till 𝑥𝑖+1 − 𝑥𝑖 ≤ 

One can now compute up to the first iteration, starting from 𝑥𝑖 = 1

(please try)

𝑓 𝑥 = 6𝑥 − 𝑥2 −
𝑥3

3
;      

𝜕𝑓(𝑥)

𝜕𝑥
= 6 − 2𝑥 − 𝑥2;  

𝜕2𝑓 𝑥

𝜕𝑥2 = −2 − 2𝑥

Source: https://simpsons.fandom.com/wiki/Bart_Gets_Famous
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Using this beauty 𝑥𝑖+1 = 𝑥𝑖 −
ቚ

𝜕𝑓(𝑥)

𝜕𝑥 𝑥=𝑥𝑖

ฬ
𝜕2𝑓(𝑥)

𝜕𝑥2
𝑥=𝑥𝑖

The procedure is simple: find a trial value 𝑥𝑖 by inspection 

1) Evaluate ቚ
𝜕𝑓(𝑥)

𝜕𝑥 𝑥=𝑥𝑖

2) Evaluate ቚ
𝜕2𝑓(𝑥)

𝜕𝑥2
𝑥=𝑥𝑖

3) Compute 𝑥𝑖+1 as from the formula above 

Iterate 1-3 till 𝑥𝑖+1 − 𝑥𝑖 ≤  , starting from 𝑥𝑖 = 1

Phyton code can be used again  
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Question: Please find the maximum of the function y=6x−x**2-(x**3)/3, using 
the method of Newton pure, using the first and the second derivative, with 
starting point x=1, and printing out all steps of the search.

Iteration 1: x = 1.750000, y = 5.651042
Iteration 2: x = 1.647727, y = 5.680162
Iteration 3: x = 1.645752, y = 5.680173
Iteration 4: x = 1.645751, y = 5.680173
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A different model, where we explore rather than optimize 

The Bateman equations, initially written for a radioactive decay 
chain, can be used to describe any process where transfer occur 
among compartments without backward term    

∂𝑁1 /∂t=-1𝑁1 𝑁1 concentration of species 1, disappear 

proportionally to itself …  

∂𝑁2 /∂t=1𝑁1 -2𝑁2 …to become 𝑁2 that in turn disappear 
proportionally to itself… 

…                                            …and so on…

∂𝑁𝑛 /∂t=𝑛−1𝑁𝑛−1 -𝑛𝑁𝑛 …till and end-product is reached

We choose this as it is nonlinear and the differential equation has 
a neat analytic solution

Source: Wikipedia common 
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∂𝑁1 /∂t=-1𝑁1

∂𝑁2 /∂t=1𝑁1 -2𝑁2

…                                            

∂𝑁𝑛 /∂t=𝑛−1𝑁𝑛−1 -𝑛𝑁𝑛

For 𝑁1 0 ≠0, 𝑁𝑖 0 = 0 ∀𝑖 ≠ j the solution is 

𝑁𝑘 𝑡 =
𝑁1 0

𝑘
෍

𝑖=1

𝑘

𝑖𝑖 𝑒−𝑖𝑡

With 

𝑖 ෑ

𝑗=1,𝑗≠𝑖

𝑘
𝑖

𝑗 − 𝑖

See a Python script here: 
https://www.andreasaltelli.eu/file/repository/bateman_simple.txt
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A last model, where we revisit our simple linear form (from Lesson 3): 𝑦 = σ𝑖=1
𝑘 𝑖𝑍𝑖

Where 𝑦 (a scalar) is the output of interest, the 𝑖’s were fixed coefficients and 𝑍𝑖’s are 
uncertain input factors following a Normal distribution 

𝑍𝑖~𝑁 ഥ𝑧𝑖 ,𝑍𝑖

Where ഥ𝑧𝑖 = 0, 𝑖 = 1,2, … 𝑘 are the means of the factors 𝑍𝑖’s and 𝑖 their standard deviations  

We now allow the 𝑖 to be uncertain as well 

𝑖~𝑁 𝑖 ,𝑖
where 𝑖 = 0, 𝑖 = 1,2, … 𝑘 are the means of the factors 𝑖’s and 𝑖

their 

standard deviations  
In this book we took ഥ𝑧𝑖 to be zero, and called 𝑦 =
σ𝑖=1

𝑘 𝑖𝑍𝑖 a balanced portfolio, where the 𝑍𝑖 are the 
assets and the 𝑖 the amount held of each security

Interested in playing with this function in Python? Script in 
https://www.andreasaltelli.eu/file/repository/Product_py.txt
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There are as well stochastic search method (called meta-heuristics in the Hillier’s book) 
where the search is done iteratively with trial points and rules to point the search in the right 
direction, without being greedy 

• Tabu Search (don’t go there if you have been there already)

• Simulated Annealing (you can walk in the wrong direction but with lower probability) 

• Genetic Algorithms (let the fitter reproduce themselves) 

We study this
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Digression: Genetic algorithms (let the fitter reproduce themselves)

Charles Darwin 
(1809-1882)

Herbert Spencer
(1820-1903)

Note: Darwin used ‘fittest’, 
borrowing the term from Spencer, 
but ‘fitter’ is  more apt to his theory 
as well as to what genetic 
algorithms do.

“Darwin did not consider the 
process of evolution as the survival 
of the fittest; he regarded it as 
survival of the fitter, because the 
“struggle for existence” is relative 
and thus not absolute. Instead, the 
winners with respect to species 
within ecosystems could become 
losers with a change of 
circumstances” 
(https://www.britannica.com)
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Unlike Tabu search and Simulated Annealing, genetic algorithms do not work with a 
wandering point, but with an evolving population – a collection of candidate points is 
generated right at the start, then these generate offspring    

Parents

Children

Source: https://towardsdatascience.com/
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At each generation the parents with the higher fitness have higher 
probability of reproducing, with each parent passing part of his 
genes to the offspring ➔ fitness in terms of objective function 𝑍

Parents

Children

Source: https://towardsdatascience.com/
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Additional random mutations can occur (‘errors’ in the transcription 
of DNA or epigenetic factors in the genetic metaphor)

Parents

Children

Source: https://towardsdatascience.com/
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Genetic algorithms have lots of movable parts! In order to use them you must decide 

• Size and composition of the initial population

• How to select the parents based on 𝑍

• How to exchange the genes of the parent to generate the children

• Mutation rate 

• Stopping rule

Source: Charlie Chaplin’s Modern Times
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Try with GA with this function (Hillier, Chapter #14)
𝑦 = 12𝑥5 − 975𝑥4 + 28,000𝑥3 − 345,000𝑥2 + 1,800,000𝑥5

Plotted with Python  generated by ChatGPT 
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Try with GA with the monster (Hillier, Chapter #14)
𝑦 = 12𝑥5 − 975𝑥4 + 28,000𝑥3 − 345,000𝑥2 + 1,800,000𝑥5

Refresh binary numbers … 

Since the x axis spans from zero to 32, we can 
represent the possible solutions in a nice binary 
notation

00=000000
01=000001=20

02=000010=21

03=000011=21 +20

04=000100=22

…
07=000111=22 +21 +20

08=001000=23 

…
15=001111=23 +22 +21 +20

16=010000=24

31=011111=24+23 +22 +21 +20

32=100000=25

…
But Roman numbers will be 
used as well … does everyone 
know Roman numbers ? 
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77

Source: https://www.pinterest.com
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78

What is 

IV

IX

IL

4

9

Not a Roman number; if one wants to say 49 this is   XLIX

Yet for centuries Roman and Arabic coexisted with funny or 
confusing results, such as IVOII for 1502 

“The painter Dirk Bouts placed on his altar at Louvain the 
number MCCCC4XVII, which designates – what? My guess would 
be 1447. What is yours”  (A.Crosby, p. 115) 
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Never met binary? 

00=000000
01=000001=20

02=000010=21

03=000011=21 +20

04=000100=22

…
07=000111=22 +21 +20

08=001000=23 

…
15=001111=23 +22 +21 +20

16=010000=24

…
31=011111=24+23 +22 +21 +20

32=100000=25

64  =1000000=26

128=10000000=27

From Roman to Arabic numbers 

CCXXVI is conceptually far from 

226

While binary and decimal are close 

11100010

hundreds

tens

units

Leonardo of Pisa, 
said Fibonacci

1170-1250

Source: Wikipedia Commons

128=27

64=26

32=25
2

=226

...in the sense of both 
positional 
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Never met binary? 

0.1=1/2
0.01=1/4
0.001=1/8  

0.111=0.875 

11.001=3.125

… 

Who introduced binary? 

~1000 BCE
Gottfried Wilhelm Leibniz 

1646-1716 

… and in Europe? 

From Calculus ratiocinator to 
Characteristica Universalis
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Gottfried Wilhelm Leibniz 
1646-1716 

From Calculus ratiocinator to 
Characteristica Universalis

For sci-fi buffs:
Neal Stephenson 
Baroque Cycle, second 
volume, The Confusion 
(2004)
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Then we have to cook some rules, e.g. 

Starting population: 10 individuals (for this 
problem) 

Choose the five fittest and the two lest fit for 
matching (coupling randomly) 

Switching the genes: keep repeated genes and 
switch the different ones  

Mutation rate 1/10 

Stopping rule after five iterations without 
improvements   

Source: Charlie Chaplin’s Modern Times

Lots of moving parts; 
these are the choices 
suggested in Hillier 
but other choices are 
possible
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One possible way of matching

Parents
011000
110101  

Repeated genes are passed to the next 
generation   

Children
x1xx0x
x1xx0x

How to choose the missing x’s? Russian roulette

x1xx0x
x1xx0x

Generate a random number between 0 and 1; if between 
0 and .4999 replace the first x with a zero, if between .5 
and 1 replace it with a one   

Source: https://www.gettyimages.es

Where the name 
comes from – from 
revolver to spinning 
wheel 

Source: https://wordwall.net/

Source: From movie The Deer Hunter, Source: Wikipedia commons 
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How to choose the x’s? Russian roulette

x1xx0x
x1xx0x

Generate a random number between 0 and 1; if between 0 and .4999 
replace the first x with a zero, if between .5 and 1 replace it with a one

This was done and we have children

011000
010101  

How to mutate 10% of this? Russian roulette: if the random number is 
between 0 and 0.0999 choose to mutate, otherwise no mutations and 
pass to the next couple; 

Russian roulette also to decide which gene to change; if there are 12 
(6+6) candidate genes (two parent of five genes each), how do we do 
this time?

If between 0 and 
1

12
mutate the first gene of the first child, in between 

1

12

and 
2

12
 the second gene of the fist child … if between 

11

12
and 1 the last 

gene of the second child   

Source: https://www.gettyimages.es

Source: https://wordwall.net/
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All this is very nice to code; here the 
starting and first iteration from the Hillier 
book (using 𝑥 = integer for simplicity) 

And the convergence if rapid for this simple 
case, good results already at the fist iteration
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I start by 256 because the next power of 2 (512) is too big; get 1

1--------

412-256=156; so I can fit in 128; get 11

11-------

The difference is 28, so I cannot fit a 64: get 110

110------

Cannot fit a 32, get 1100

1100-----

Can fit 16,8,4 add to 28 get 1100111

1100111--

No need of 2 and 1 the last two powers,  get 110011100

Source: https://simpsons.fandom.com/wiki/Bart_Gets_Famous

1 0 0 0 0 0 0 0 0

256 128 64 32 16 8 4 2 1

The procedure can of course be applied to non-integer 
numbers, as these can as well be written in binary notation. 
Exercise: write 412 in binary starting from 256  

256y 128y 64n 32n 16y 8y 4y 2n 1n  
Cranky algorithm :-(  
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‘Serious’ algorithm 

i) Divide the decimal number by 2 and write down the integer 
result and see if there is a remainder (0 or 1). (ii) Repeat step (i) 
with the integer result until you get 0. (iii) Write down the 
remainders (in reverse order) of each division to get the binary 
equivalent. We try again for 412  

remainder

412/2=206 0

206/2=103   0

103/2=51 1

51/2=25 1

25/2=12 1

12/2=6 0

6/2=3 0

3/2=1 1

1/2 =0 1 Reading bottom up gives 

110011100

Try with 3

7/2=3 1
3/2=1 1
1/2=0 1➔ 111

11/2=5 1
5/2=2 1
2/2=1 0
1/2=0 1➔ 1011

4/2=2 0
2/2=1 0
1/2=0 1➔ 100

3/2=1 1
1/2=0 1➔ 11

Try with 4

Try with 7

Try with 11
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Hocus pocus? No, is the same with decimal numbers   

18/2=9 0
9/2=4 1
4/2=2 0
2/2=1 0
1/2=0 1➔ 10010

Try with 18
xviii/10=1 8
1/10=0 1 ➔ 18

Try with xviii

ccxvii/10=21 7
21/10=2 1
2/10=0 2 ➔ 217

Try with ccxvii

We are used to look at this and say two hundreds one ten and seven units  
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Converting decimal fraction to binary
To convert fraction to binary, start with the fraction in question and multiply it by 2 keeping 
notice of the resulting integer and fractional part. Continue multiplying by 2 until you get a 
resulting fractional part equal to zero. Then just write out the integer parts from the results of 
each multiplication. Here is an example of such conversion using the fraction 0.375.

In case you are in doubt you can verify in this way: 0111 = 0 ∗
1

2
+ 1 ∗

1

4
+ 1 ∗

1

8
= .25 + .125 = .375

Now, let’s just write out top down the resulting integer part at each step —
0.011. So, 0.375 in decimal system is represented as 0.011 in binary. 
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Genetic algorithms can also be applied to problems such 
as the traveling salesman; in this case the population is 
constituted by candidate trajectories, such as 12345671 
and 12435671

A child of this couple can inherit the link 2-3 or the link 
2-4 …  
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A sociological / philosophical pause: 
Operations Research is rational, but what is the meaning of rationality? This 
can be taken by many different angles 

Already met in Lesson 2 the concept of ‘satisficing solutions’, a concept from 
the theory of Bounded Rationality (decision science and behavioural 
economics), from Herbert A. Simon: because of 
• Limited information
• Limited cognitive capacity
• Limited time
individuals and organizations "satisfice" (satisfactory + sufficient) rather than 
optimize.

Herbert A.  Simon
1916-2001

Daniel Kahneman
1934-2024

➔ Kahneman and Tversky’s work on heuristics and biases
• Asymmetries in preferences
• Fast and slow heuristics      



92

The ecological rationality, part of the "fast and frugal heuristics" 
research program influenced by Herbert Simon’s bounded rationality

• What is rational is what is fit to the one’s environment; irrational 
decisions may be adaptive

• Survival is what ultimately testifies of what is rational (N.N. Taleb)   
Gerd Gigerenzer

I haven’t read this (yet) 
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The economists’ critique of rational agents (and efficient markets) 

• The so-called Lukas critique: agents are reflexive 
• Mirowski indictment of DSGE models (rational agents and efficient 

markets hypotheses)

https://rethinkeconomics.org/

• The ‘heretics’ in economics (e.g. the rethinking economics movement)
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W. Drechsler, “On the possibility of quantitative-mathematical social science, chiefly economics,” J. Econ. Stud., vol. 27, no. 4/5, 
pp. 246–259, 2000.

E. S. Reinert, “Full circle: economics from scholasticism through innovation and back into mathematical 

scholasticism,” J. Econ. Stud., vol. 27, no. 4/5, pp. 364–376, Aug. 2000.

P. Romer, “Mathiness in the Theory of Economic Growth,” Am. Econ. Rev., vol. 105, no. 5, pp. 89–93, May 2015.

Mirowski, Philip. 2013. Never Let a Serious Crisis Go to Waste: How Neoliberalism Survived the Financial Meltdown. 

Verso.

Dangers of mathematization of economics

Wolfgang Drechsler       Erik S. Reinert             Paul Romer            Philip Mirowski   
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… a more political angle comes from studies of sociology of quantification 
and addresses the question ‘rational to whom’? From lesson 2:

Cathy O’Neil

A critical angle: Teachout, Z. (2022). The Boss Will See 
You Now | Zephyr Teachout. New York Review of Books. 
https://www.nybooks.com/articles/2022/08/18/the-
boss-will-see-you-now-zephyr-teachout/

Scheduling software is good (and rational) for employers’ profit 
but can be hell to employee; the practice of ‘clopening’ , next 
lesson  

https://www.nybooks.com/articles/2022/08/18/the-boss-will-see-you-now-zephyr-teachout/
https://www.nybooks.com/articles/2022/08/18/the-boss-will-see-you-now-zephyr-teachout/
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Classroom

1. Both a dice and a coin are launched simultaneously in an experiment. We count a coin 
falling head as one and falling tail as a zero. If we call success the outcome seven 
(dice=six, coin=H), which is the chance of success in one experiment?  Which is the 
chance of two successes in 4 experiments? Write  down the space of the events first.  

2. Solve the problem below, knowing that 
𝜕𝑦

𝜕𝑥
= 3𝑥2 + 2 − 4𝑥 − 𝑥3 and 

𝜕2𝑦

𝜕𝑥2 = 6𝑥 − 4 − 3𝑥2

Choose just 
one (bisection 
or Newton)
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Classroom

3. For the network shown below, use the augmenting path algorithm described in Sec. 
10.5 of Hillier to find the flow pattern giving the maximum flow from the source to 
the sink, given that the arc capacity from node i to node j is the number nearest node 
i along the arc between these nodes. Show your work.

4. Write in binary the fist 10 prime numbers.
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www.andreasaltelli.eu
https://orcid.org/0000-0003-4222-6975

@AndreaSaltelli@mstdn.social
https://www.youtube.com/channel/UCz26ZK04xchekUy4GevA3DA

Thank you

http://www.andreasaltelli.eu/
https://mstdn.social/@AndreaSaltelli
https://www.youtube.com/channel/UCz26ZK04xchekUy4GevA3DA
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