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Solutions
Classroom
[Lesson 1

Outcomes for (2 to 12)
and relative probability

Five throws,
making 11 three
times
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05 What is Operation Research?
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05 Assumption of linear programming
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More statistics: Contingency tables



(Mann, p. 150)

Suppose all 100 employees of a company were asked whether they are in favor of or against
paying high salaries to CEOs of U.S. companies. Table 4.3 gives a two-way classification of
the responses of these 100 employees.

Table 4.4 Two-Way Classification of Employee

Responses with Totals - Contingency
table
In Favor Against Total
Male 15 45 60
Female 4 36 40

Total 19 81 100

6



We randomly extract one name out of
the 100. If male= M, female=F, ‘in

Suppose all 100 employees of a company were asked whether they are in favor of or against favour’ = A and ‘against’ = B, then:
paying high salaries to CEOs of U.S. companies. Table 4.3 gives a two-way classification of

the responses of these 100 employees.

Table 4.4 Two-Way Classification of Employee
Responses with Totals

In Favor (A) Against (B) Total

Male (M) 15 45 60
Female (F) 4 36 40
Total 19 81 100

If one name is extracted

and it 1S a woman, then: What is P(Al F)

What are

P(A), P(F),
P(M)1
P(ANF)

If one name is extracted

and it is a in favour, then: What is P(F | A)



We are to find the
probability of this event

This event has
already occurred

Seppose all 100 exngroryees of & compmey were sdad whether thy ate m Bver of or apstost
pevtng Jagh salaies 0 CEOs of US. companies. Talde 4.3 ghes & twoonny Classificstion of
he respouses of these 100 enghovens

Table 4.4 Two-Way Classification of Employee

Responses with Totals
In Favor(A) Against (8) Total )
Male (M) IS 45 60
Female (F) 4 36 40
Totl 19 8] 100

P(AﬂF) = P(Al F)P(F) = P(F | A)P(A) What is this formula?

L (A [B) = PEBIA) P(A)
4/100 = (4/40)(40/100) = (4/19)(19/100) Isitverified? POAIB) =157 B
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What is Operation Research?

OR versus business analytics; some definitions; steps of
an analysis; objectives, context and purpose; linear
programming with examples and some theory. Hillier
(10t edition, 2014) chapters 1 and 2.



Where to find this book:

Introductionto

Operations
Research

https://www.andreasaltelli.eu/file/repository/

Hillier_Ninth_Edition_Introducti.pdf

upf.

Frederick S. Hillier
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Operation Research (OR), Management
Science, Analytics, business analytics:

Introductionto

What is the difference? OperatIOHS
Research

OR: “how to conduct and coordinate the
operations (i.e. the activities) within an
organization’ (Hillier, p. 2)

OR is research on operations applying
thelscientific method|— foremost
modelling and optimization.

Frederick S. Hillier
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OR is research on operations applying
the scientific method — foremost
modelling and optimization Tntroduction to

Operations
Research

Modelling in OR 1s to be understood
In very general terms, e.g. both
mathematical and statistical

Frederick S. Hillier
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Operation Research, Management Science, Analytics,
business analytics;

What is the difference?

114 . . .
The term management science sometimes is used as a
synonym for operations research’

How about “Analytics” (or Business Analytics)? Operation
Research by another name as well?

BARCELONA

upf.| SCHOOL OF

MANAGEMENT
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Analytics And Data Science

Competing on Analytics ) ) —
S omntei b yeeeniecaive  Harvard Business Reviewe ot
thesa firms do. by Thomas H. Davenport o Dwenpo" M‘“ﬂl
T ez b Magpactons (s y Y000} } 4

?§3f:7ﬁow Smart Con
Win Big with

‘e Source: https://hbr.org/2006/01/competing-on-analytics; article open access here:
https://www.researchgate.net/publication/7327312_Competing_on_Analytics

BARCELONA
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Business Analytics = Operation Research +
big data

Analytics = scientific process of
transforming data into insight for making
better decisions

 Descriptive analytics, discover patterns
e.g. via data mining

e Predictive analytics, use data to predict
the future

« Prescriptive analytics, use data to guide
present and future actions

BARCELONA
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Source: Tor Freeman, http://tormalore.blogspot.com/



Analytics 3.0: three analytics maturity levels

. . . . - wnoce Rownowr
Analytics 1.0 organizations rely on internal data Harvard Business Review =
for decision making, rather than mere intuition Ao e Dika Boliaca
Apalytics 2.0 companies combine ir}ternal d.ata.l Ana|ytics 3.0
with externally sourced data, offering predictive by Thomias . Davspott
capabilities
Analytics 3.0 firms actively generate data trails
that can be collected and subsequently analysed

Source: https://hbr.org/2013/12/analytics-30

BARCELONA
upf.| SCHOOL OF
MANAGEMENT
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https://hbr.org/2013/12/analytics-30

Analytics 3.0: three analytics maturity levels

“Today it’s not just information firms and
online companies that can create products and
services from analyses of data. It’s every firm
in every industry.”

“The Bosch Group, based in Germany, is 127
years old, - has embarked on --* intelligent
fleet management, intelligent vehicle—charging
infrastructures, intelligent energy management,
intelligent security video analysis, and many
more.”

BARCELONA
upf.| SCHOOL OF
MANAGEMENT
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Harvard Business Review =

Analytics And Data Science

Analytics 3.0

by Thomas H. Davenport

Source: https://hbr.org/2013/12/analytics-30



https://hbr.org/2013/12/analytics-30

Analytics 3.0: three analytics maturity levels

“Google, LinkedIn, Facebook, Amazon, and others
have prospered not by giving customers
information but by giving them shortcuts to
decisions and actions.”

Is there a but? e 2 JARON LANIER
S TEN ARGUMENTS
22 FOR DELETING
+ YOUR SOCIAL

ts  MEDIA ACCOUNTS
RIGHT NOW

BARCELONA EhiE T
upf.| SCHOOL OF i
MANAGEMENT
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Harvard Business Review =

Analytics And Data Science

Analytics 3.0

by Thomas H. Davenport

SUUILE: LS./ /1IVIL.UIE/ ZU1D/ 12/ dIIdIYLLY-DU
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FEN ARGUMENTS FOR DELETING YO K
SOCIAL MEDIA ACCOUNTS HIGHT SO

VHOUNMENT ONI

You are losing yonir free will

VIOUMENT I'wes
Cuinting soom] medis is the 1ot finely targered

WAV to vesint the msanity of our times

VEGUNMENT 1Tkl

octn] medis o making you 1t an asahole

AHGUMENY FOLR

Socnd meedian v undermimang truth

ARGUMENT VIV

Social mein in making what vou say meuninghess

VRGUMENT SIN

Social mods b destroying your capacity for enypathy

ARGUMENT SEVEN

Soctal media b malchng vou untuppy

ARGEUMENT BT

Social media doest't want vou 1o have economic digrniry

ARGEUNMENT NINI

Soctal meshin In making polities mpossble

ARGUMENT TEN
Soctal media hutey your soul
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Davenport’s word of caution

“The use of prescriptive analytics often
requires changes in the way frontline workers
are managed ‘--employees wearing or

carrying sensors -+ Just as analytics that are
intensely revealing of customer behavior have
a certain “creepiness’ factor, overly detailed
reports of employee activity can cause
discomfort. In the world of Analytics 3.0, there
are times we need to look away.”

BARCELONA
upf.| SCHOOL OF
MANAGEMENT
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Harvard Business Review =

Analytics And Data Science

Analytics 3.0

by Thomas H. Davenport

Source: https://hbr.org/2013/12/analytics-30
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A critical angle: Teachout, Z. (2022). The Boss Will See You Now |
Zephyr Teachout. New York Review of Books.
https://www.nybooks.com/articles/2022/08/18/the-boss-will-see-

you-now-zephyr-teachout/

The New York Review
of Books

llustration by Tom Bachtell

Available at
http://www.andreasaltelli.eu/file/repository/The_Boss_Will_See_You_Now_Zephyr_Teachout_The_New_York_Review_of_Books.pdf
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https://www.nybooks.com/articles/2022/08/18/the-boss-will-see-you-now-zephyr-teachout/
https://www.nybooks.com/articles/2022/08/18/the-boss-will-see-you-now-zephyr-teachout/

Analytics 3.0 firms actively generate data trails
that can be collected and subsequently analysed

=» Platform capitalism
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Do those books support

platform capitalism? ¢

THE AGE OF
SURVEILLANCE
CAPITALISM

MY FOM A
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Yuval Noah
Harari

»
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Introduction to s
Operations
Research

. Define the problem of interest and gather relevant data

. Formulate a mathematical model to represent the
problem.

. Develop a computer—based procedure for deriving
solutions to the problem from the model.

. Test the model and refine it as needed.

. Prepare for the ongoing application of the model as
prescribed by management.

. Implement (Hillier, p. 10)

BARCELONA
.| SCHOOL OF
MANAGEMENT
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1. Define the problem of interest and gather relevant data.

2. Formulate a mathematical model to represent the

problem.
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Asymmetry of
knowledge between
owners of the problem
and analysts

Purpose and context

The definition of
objectives

Introductionto g

Operations
Research




1. Define the problem of interest and gather relevant data.

2. Formulate a mathematical model to represent the
problem.

THE ECONOMIC
CONSEQUENCES OF
THE PEACE

Said (possibly) by? __ “Better to be roughly right

/ than preCiSely Wrong”

v
JOHUN MAYNARD KEYNES Ch

PRLLST R ) R AR CammaC.

John Maynard Keynes

...possibly the best cost benefit analysis ever ...
HANCOUNT, BRACE AND HOWY another precursor of OR?

1=

25



“Better be roughly
right than precisely
wrong”

“Lack of mathematical
culture 1s revealed

: 5 3, It to be precise? " - : .
Difficultito’belprecise, Captain. 5 o ifficu e preci ‘ nowhere so conspicuously,

lshould_say‘approxlmately 7,824.7-to-1. 7,824-t0-17

upf.

as In meaningless

Why Mr. Spock WOUld NEVER precision.in nklmerical

computations” (Carl

make a good planner! Priedrich Gauss)
n w | ®
9 Geert Vanhove
géﬁ%%egé\ https://www.bluecrux.com/blog/why-mr-spock-would-never-make-a-good-planner/

MANAGEMENT
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Objectives of the analysis :

There are responsibilities
beyond maximization of
objectives
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CSR pyramid

: = i
Be a good corporate citizen.
Contribute resources to the community;
Philan- 1 improve quality of life.
thropic ' J
Responsibilities
Be ethical.
= S Obligation 1o do what is right,
Ethical Responsibilities just, and fair. Avoid harm.
/ N

Obey the law.
Law is society’s codification
of right and wrong. Play by the
= rules of the game.

Legal Responsibilities

Be profitable. Fi

The foundation upon
which 2ll others rest.

Economic Responsibilities

Carroll AB. The Pyramid of Corporate Social Responsibility: Toward the moral management of
organizational stakeholders. 1991; Business Horizons, 34(4), July-August:39-48. Source:
https://www.financialeducatorscouncil.org/corporate-social-responsibility-definition-and-history/

27




Obligations toward
1.

2.

upf.

Oi;g}"ﬁ'i:ions
. . Research

the owners (stockholders, etc.), who desire profits
(dividends, stock appreciation, and so on);
the employees, who desire steady employment at
reasonable wages;
the customers, who desire a reliable product at a
reasonable price; -
the suppliers, who desire integrity and a reasonable Responsibilities
selling price for their goods; and beyond

g&p ’ ] o maximization of
the government and hence the nation (Hillier, p. 12) objectives
BARCELONA
SCHOOL OF

MANAGEMENT
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Pitfalls in Formulation and Modelling

Box 3.1 Pitfalls in formulation and modelling

Pitfalls in formulation
Insufficient attention to formulation
Unquestioning acceptance of stated goals and constraints
Mecasuring achicvement by proxy
Misjudging the difficultics
Bias

Pitfalls in modelling
Improper treatment of uncertaintics
Attempting to really simulate reality
Belicf that a model can be proved correct
Neglecting the by-products of modelling
Overambition
Secking academic rather than policy goals
Internalizing the policy maker
Not keeping the model relevant
Capture of the user by the modeller

|

Available at

BARCELONA https://www.andreasaltelli.eu/file/repository/Giandomenico_Majone_Edward_S_Quade_Pitfalls_of Analysis_Inte

upf.| SCHOOL OF rnational_Series_on_Applied_Systems_Analysis_8 John_Wiley_Sons_Ltd 1980 .pdf

MANAGEMENT
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Pitfalls in Formulation and Modelling

Box 3.1 Pitfalls in formulation and modelling
Pitfalls in formulation

Insufficient attention to formulation
Unquestioning acceptance of stated goals and constraints
Measuring achievement by proxy
Misjudging the difhculties

Bias

BARCELONA 5
upf.| SCHOOL OF Comments here?
MANAGEMENT
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Pitfalls in Formulation and Modelling

Pitfalls in modelling

Equating modelling with analysis
Improper treatment of uncertainties
Attempting to really simulate reality
Belief that a model can be proved correct
Neglecting the by-products of modelling
Overambition

Seeking academic rather than policy goals
Internalizing the policy maker

Not keeping the model relevant

Not keeping the model simple
Capture of the user by the modeller

Pick up one!

Source: (Quade 1980)

BARCELONA
upf.| SCHOOL OF
MANAGEMENT
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POLICY

Five ways to ensure that models AS mo dellel.”, beware
serve society: amanifesto / your own bias

As a user, beware model
seduction

Available https://www.andreasaltelli.eu/file/repository/01_Saltelli_Five_ways to_ensure_that_2020.pdf

BARCELONA
upf.| SCHOOL OF
MANAGEMENT
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. Define the problem of interest and gather relevant data.

2. Formulate a mathematical model to represent the Seek ‘satisficing’ solutions
problem. (satisfy + suffice)

.. Post-optimality analysis
3. Develop a computer—based procedure for deriving What—if analysis

solutions to the problem from the model.
Uncertainty and sensitivity

4. Test the model and refine it as needed. analysis
5. Prepare for the ongoing application of the model as - - !
prescribed by management. Operations

Research

. Implement (Hillier, p. 10)

BARCELONA
upf.| SCHOOL OF
MANAGEMENT
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s

1. Define the problem of interest and gather relevant data.
Operations
Research
2. Formulate a mathematical model to represent the
problem.
3. Develop a computer—based procedure for deriving
solutions to the problem from the model.
Interactive tools to
4. Test the model and refine it as needed. make allowance for
revisions,
5. Prepare for the ongoing application of the model as More sensitivity &
prescribed by management. uncertainty analysis
6. Implement (Hillier, p. 10)
BARCELONA
upf.| SCHOOL OF
MANAGEMENT
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. Define the problem of interest and gather relevant data. F—

:

Introduction to -
Operations
Research

. Formulate a mathematical model to represent the
problem.

. Develop a computer—based procedure for deriving
solutions to the problem from the model.

. Test the model and refine it as needed.

. Prepare for the ongoing application of the model as
prescribed by management.

Documentation

. Implement (Hillier, p. 10)
Replicability, reproducibility

BARCELONA
upf.| SCHOOL OF
MANAGEMENT
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A prototype example

An example with most of the features of a linear
programming setting. Hillier 2014, chapter 3.



A typical linear programming setting:
allocating limited resources among
competing activities in a best possible

(i.e., optimal) way: the WYNDOR GLASS
CO. producing doors and windows

Tree plants. Aluminium frames and
hardware are made 1n Plant 1, wood
frames are made 1n Plant 2, and Plant 3
produces the glass and assembles the
products.

BARCELONA
upf.| SCHOOL OF
MANAGEMENT
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Source: PIXAIR’s Monsters and Co.

.....................

Operations
Research




Two new products to be put into production:

Product 1: An 8—foot glass door with aluminium
framing

Product 2: A 4 6 foot double—hung wood-
framed window

Source: PIXAIR’s Monsters and Co.

Production Time
per Batch, Hours
Product 1 requires some of the
. .. Product
production capacity in Plants 1
and 3, but none in Plant 2. Plant 1 2
Product 2 needs only Plants 2
and 3. 1 1 0
2 0 2
3 3 2
BARCELONA

upf.| SCHOOL OF

MANAGEMENT
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Production Time
per Batch, Hours

But time 1n the three plants is
limited because of competing
productions

upf.

Product
Production Time
Plant 1 2 Available per Week, Hours

1 1 0 4

2 0 2 12

3 3 2 18
BARCELONA
SCHOOL OF

MANAGEMENT
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" TABLE 3.1 Data for the Wyndor Glass Co. problem
e e ————————————

Production Time
per Batch, Hours
Product
Production Time
Plant 1 2 Available per Week, Hours
1 1 0 4
2 0 2 12
3 3 2 18
Profit per batch $3,000 $5,000

Y

And the profits per batch of product are different

BARCELONA
upf.| SCHOOL OF
MANAGEMENT
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TABLE 3.1 Data for the Wyndor Glass Co. problem

Production Time
per Batch, Hours
Product
Production Time
Plant 1 2 Available per Week, Hours
1 1 0 4
2 0 2 12
3 3 2 18
Profit per batch $3,000 $5,000

The key steps in formulating this as a linear programming
problem are

What objective needs maximizing/minimizing <—— Easy, guess!
Q_'—'\
o3

What are the decision variables <«——— Lesseasy ,//‘_\

upf.

BARCELONA
SCHOOL OF
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TABLE 3.1 Data for the Wyndor Glass Co. problem

_—
Production Time
per Batch, Hours

Product

Production Time

Plant 1 2 Available per Week, Hours
1 1 0 4
2 0 2 12
3 3 2 18
Profit per batch $3,000 $5,000

Z =total profit per week in thousands of dollars from producing these batches

x; = number of batches per week of product 1 to be produced )
x, = number of batches per week of product 2 to be produced

One possibility

The decision variables are thus x; and x, and the objective to be
maximized Z is:

/Z = 3x1 + 5x2

A

The definition of objective depends upon the decision variable

BARCELONA
upf.| SCHOOL OF
MANAGEMENT
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TABLE 3.1 Data for the Wyndor Glass Co. problem
= |

Production Time
per Batch, Hours

Product
Production Time
Plant 1 2 Available per Week, Hours
1 1 0 4
2 0 2 12
3 3 2 18
Profit per batch $3,000 $5,000
BARCELONA

upf.| SCHOOL OF
MANAGEMENT
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But production time per
plant 1s limited:

From the rightmost column
of the table

X1 <4
2x2 <12
3x1 + 2X2 < 18

Done?
The model does not know yet that the
numbers must be positive; thus:

x120
xZZO



TABLE 3.1 Data for the Wyndor Glass Co. problem Malelze Z = 3xl + 5x2
|

Production Time
per Batch, Hours . .
Subject to:
Product
Production Ti
Plant 1 2 Availall;(l,e :cel'lowneell':,‘:lours xl S 4
1 1 0 4 — 2Xx 2 <12
2 0 2 12
3 3 2 18 3x 1 + 2x 2 < 1 8
Profit per batch $3,000 $5,000 x]_ 2 0
X2 >0

A ‘magic’ conversion from a table of
data to a set of equation---

“The Unreasonable
Effectiveness of
Mathematics in the
Natural Sciences”
Eugene Wigner

“Any sufficiently advanced
technology is indistinguishable from
magic” (Arthur C. Clark)

BARCELONA
upf.| SCHOOL OF i g e
MANAGEMENT




TABLE 3.1 Data for the Wyndor Glass Co. problem

Plant

Production Time
per Batch, Hours

Product

-
N

Production Time
Available per Week, Hours

1
2
3

o =
NN O

4
12
18

Profit per batch $3,000 $5,000

Maximize Z = 3x; + 5x,
Subject to:

x1 <4
2x, <12
3x; + 2x, < 18
x;1 =0
x, =0

[t 1s not difficult to imagine how one could get this magic wrong; e.g. define the
decision variables as:

xlj =
ij =

upf.

BARCELONA
SCHOOL OF
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number of batches per week of product 1 to be produced in plant j, j = 1,2,3
number of batches per week of product 2 to be produced in plant j, j = 1,2,3



Maximize Z = 3x; + 5x,

TABLE 3.1 Data for the Wyndor Glass Co. problem SUbJ e Ct tO :
? xl S 4 Old
per ':’::;:“" 2x, < 12 equations
Plant 1 2 Avail:::l,: :itril\)lce]o;il?,‘:lours 3x1 + 2x2 S 1 8
1 1 0 4 X1 2 0
; : : is x; =0
Profit per batch ? $3,000 $4000

Try to write the new equations
x; = number of batches per week of

product 1 i1s replaced by xq1, X715, X13

X, = number of batches per week of
product 2 is replaced by x4, X5, %53

BARCE LONA Source: The Simpson, ?Oth Television Animation
upf. SCHOOL OF (The Walt Disney Company)
MANAGEMENT
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' TABLE 3.1 Data for the Wyndor Glass Co. problem

Production Time
per Batch, Hours

Product

Production Time

What happened to
X1, and x51?

Plant 1 2 Available per Week, Hours
1 1 0 4
2 0 2 12
3 3 2 18
Profit per batch $3,000 $5,000
X1j = number of batches per week of product 1 to be produced in plant j
X, = number of batches per week of product 2 to be produced in plant j
New equations
Z = 3(x11+x13) + 5(x22 + x23)
X11 <4
2X5, < 12
3x13 + ZXZg < 18
X11 > 0, X292 >0
X13 > 0, x232 0
BARCELONA
upf.| SCHOOL OF
MANAGEMENT
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One way: Maximize Z =

TABLE 3.1 Data for the Wyndor Glass Co. problem

3x1 + 5x2 Production Time

. . per Batch, Hours
Subject to: oot

roduction Time
X1 S 4‘ Plant 1 2 AvaiI:ble petr We:k, Hours

2x; =12 2 0 2 12

3x; +2x, <18 = - = L
Profit per batch $3,000 $5,000

X1 > 0, ) >0

In what sense is this

The other way: Maximize Z = L | o
3(x114+%13) + 50y + Xp3) solution clumsier:
Subject to:
X1 <4 ..because of William
2Xz2 <12 of Occam (1287,
3x1>3 (‘)" 2Xy3 = 1>80 1347) and his razor
X11 2 Y, X22 2
x13 = 0, Xy3= 0
upf] SCHOOLOF  source: Wikipedia Comons
MANAGEMENT
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Since this problem is in two dimensions
we can solve 1t graphically; back to
Descartes, with his diagram

upf.

T )

5

4

3

2

1
- . e
-6 |-5 4 -1 1 B

2

-3

-4

5

-Gy

Source: https://study.com/learn/lesson/cartesian-coordinate-system.html

BARCELONA
SCHOOL OF
MANAGEMENT

René Descartes
(1596-1650)

49

Maximize Z = 3x; + 5x,
Subject to:

x1 <4
2x, <12
3x; + 2x, < 18
x;1 =0
x, =0



upf.

Maximize Z = 3x; + 5x,

Subject to:
¥ FIGURE 3.1 X, < 4
Shaded area shows values of 2x, < 12
(x1, x2) allowed by x; = 0, 3x; + 2x, < 18
XZZO, X1S4. x;1 =0
X, =0

Fist step: Draw a straight line following the
equation x; = 4

BARCELONA
SCHOOL OF
MANAGEMENT
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Maximize Z = 3x; + 5x,

2 4\
¥ FIGURE 3.2 : .
Ny Shaded area shows the set of Subject o
permissible values of (xq, x2), x, <4
i called the feasible region. 2x, < 12
3x, + 2x, < 18
6 2 =12 x, 20

\ X2 >0
Second step: draw a straight line following the equation 2x, = 12

(5=}

<+—— Third step: Draw a straight line following the equation 3x; + 2x, = 18

0 2 4 6 8 i

How?

BARCELONA
upf.| SCHOOL OF
MANAGEMENT
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%d Tip to draw this line:

First, fix x; =0
Plug it into 3x; + 2x, = 18 to get x, =9

Xisd Then, fix x, =0
Plug it into 3x; + 2x, =18 to get x; =6

=» The line passes through points:

(x1,%2)=(0,9) and (x4, x,)= (6,0) ©

«<— Straight line following the equation 3x; + 2x, = 18

0
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Paper, pencil ad ruler:
please draw on a Cartesian
diagram the straight lines

1 Source : The Simpson, 20th Television Animation

xl — 2 E"'
Xy = 6 c

X1 ~+ Xy = 4 .
xl _ x2 — 2 ..... 3 ....... _
1 , 5 |
x1 - _xZ —_ |
3 : |
3 -1 5 B
A1

-2

BARCELONA
upf.| SCHOOL OF -3
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How to handle the objective function to be maximized Z = 3x; + 5x, ?

Giving arbitrary values to Z results in several straight lines, all parallel to one another

Z=10=3y + 5%

BARCELONA
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Giving arbitrary values to Z results in several straight lines, all parallel to one another
This 1s because the slope of the line 1s constant, e.g. if
3x1 + SXZ == 10
3 10
-> Xy = —Exl + ?

Where —% 1s the slope of line; it does not

change if we replace 10 with 20 or 36 as in the

figure
Z=20=3y + 50

In case this line had not
been drawn already, how
could you find 1t?

Z=10=3x + 5%,

0

19
-
>
o

=
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First we need to note that Z grows from bottom up.
Then to note that if we must respect Z = 3x; + 5x, the best point is (xq,x,)=(2,6)

Then we just plug (x;,x,)=(2,6) into Z =3x; + 5x,to get Z=3%2+5%x6 =36

Z=20=3y+ 50

Z=10=3x; + 5xy

BARCELONA \
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Th bl
The value of (x;, x5) that © probiem

maximizes 3x; + 5x5is (2, 6). Maximize Z = 3x; + 5x,

Subject to:

x1 <4
2xy <12
3x1 +2x, <18
x1 =0
x, =0

Z=20=3y + 5

Has been solved
Z = IO — 3.\'| + 5.1'2

|upf.| SCHOOL OF
MANAGEMENT
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upf.

The value of (x;, x;) that

maximizes 3x, + Sx,is (2, 6).

The problem

\”/_5+ In plain English: we identified the
L, feasible region (grey); then studied
hfff.‘;' N which way the optimization curve

e moved increasing Z (up); finally found

=S - the best point where this curve
‘touched’ the feasible region (2,6)

BARCELONA

Which economist was the first to stress the
importance express math in plain English?

(1) Use mathematics as a shorthand language, rather than as an engine of inquiry.
(2) Keep to them till you have done.

(3) Translate into English.

(4) Then illustrate by examples that are important in real life.

(5) Burn the mathematics.

(6) If you can't succeed in (4), burn (3). This last I [Marshall] did often.

Alfred Marshall, Memorials of Alfred Marshall, ed. A.C. Pigou (London: Macmillan, 1925), 427

SCHOOL OF
MANAGEMENT

Alfred Marshall
1842-1924
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[t 1s instructive to see what happens if
Maximize Z = 3x; + 5x,
1s replaced by

Maximize Z = 3x; + 2x
1 2 Source: The Simpson, 20th Television Animation
(The Walt Disney Company)

. . Paper, pencil ad ruler: please try this
Still subject to: out on a Cartesian diagram

x1 <4
2x, < 12
3x1 +2x, <18
x1 =20 Only Z changes!"
X, =0

BARCELONA
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MANAGEMENT
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Z=18=3x;+ 2xs

upf.

A2 4

Maximize Z=3x+ 2.

subjeet to X s 4
=12
3+ 2 =18
8 and 0=0, »n=0

1

Every point on this darker line segment
s N .
is optimal, each with Z = |8,

0

BARCELONA
SCHOOL OF
MANAGEMENT
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[t 1s instructive to see what
happens if

Maximize Z = 3x; + 5x,
1s replaced by

Maximize Z = 3x; + 2x,

Still subject to:

x1 <4
2xy <12
3x; +2x, <18
x1 =0
x, =0



upf.

2 L.
X1 =4 -
— X2 = ()
| T | |
0 2 4
BARCELONA
SCHOOL OF

MANAGEMENT

How about adding a constraint

No changes here

Maximize Z = 3x; + 5x,

Subject to:
x1 <4
2%, < 12
3x; +2x, <18
3x; + 5x,=50
x1 =0
X, =0

Please try

Source: The Simpson, 20th Television Animation
(The Walt Disney Company)
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RO |

10

3xy + 5xp =50

Maximize Z = 3x; + Sxy,
subject to Xj =4
2% =12
3x; + 2x, =18
3x; + 5xp =50
X1 =0, RY) =0

upf.

BARCELONA
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Not all problems have a solution

Maximize Z = 3x; + 5x,
Subject to:

x1 <4
2xy < 12
3x; +2x, <18
3x; + 5x,= 50
x1 =0
X, =0



A Standard Form of the Model: Z = value of overall measure of
performance
Maximize Z = ¢ixi+ X% + =" + €%
x; = decision variables, level of
Subject to: activity j forj=1,2,..n

aiiX; + Qigky + 0+ Aj X, = by ; _

a; = amount of resource i consumed
Ay X1 + apx; + * + axyXy, = b by each unit of activity j

b; amount of resource i, for i =
(lﬂll'r] + (1”1'2-\‘2 + o + (l,nn-\.n = l),ns 1,2, - m, that 1s available for

allocation to activities
And to:

Cj increase in Z that would result
=0, =0, 5 Xg= 0

from each unit increase in level of
activity

BARCELONA
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A Standard Form of the Model:

Maximize Z = ¢ixi+ X% + =" + €% Objective function
Subject to:

aiiX F Qigky + ©* + Qi X, = by

apXy T apXy + -0+ ayX, = b 2 Functional constraints

X + a m2X2 il o UmnXn =b ms

And to:

x;=0, x,=0, ..., x,=0. Nonegativity constraints

BARCELONA
upf.| SCHOOL OF
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(0, 6)

X2

(0,0)

upf.

BARCELONA
SCHOOL OF
MANAGEMENT

(4,0)

X1

The fact that our solution in on a corner point
of the feasible region is key to the theory of
linear programming

Definition: A corner—point feasible (CPF)
solution 1s a solution that lies at a corner of

the feasible region

There are five CPF’s in the figure
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Definition: A corner—point feasible (CPF)
solution 1s a solution that lies at a corner of
the feasible region

X2

(0, 6)
There are five CPF’s in the figure

Any linear programming problem with feasible
solutions and a bounded feasible region must
possess CPF solutions and at least one
optimal solution

Furthermore, the best CPF solution must be
an optimal solution

Thus, if a problem has exactly one optimal
solution, it must be a CPF solution. If the
problem has multiple optimal solutions, at

(0, 0) 4.0) x

- gézco%fgé\ least two must be CPF solutions

MANAGEMENT

67



A2

(0, 6)

0,0

upf.

< Z touches one CPF

4.0) x

BARCELONA
SCHOOL OF
MANAGEMENT

A “hand waiving” explanation:

In two dimensions the corner points generated by the
constraints and the straight line representing the
objective function touch one another

Z touches two CPF’s
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A “hand waiving” explanation:

In n dimensions the feasible region is a hyper
polyhedron while the objective function i1s a plane;
when 1t touches the polyhedron it will be in on a
CPF (a corner) — or if there are more solutions, it
will touch at least two CPF’s (an edge or a plane)

Source (both images): Wikipedia Commons

BARCELONA
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For next lesson, bring laptop with MS Excel
and 1ts SOLVER installed

How to instal and open X
MS EXCEL SOLVER?

In MAC

https://www.youtube.com/watch?v=ge4FMyZEUFO

2 YouTube

In Windows
https://www.youtube.com/watch?v=W6tIS4JZ5J0

‘ sasen [J'F“T'm"_'!“‘""‘"]'r_] Totm Pogt
= e e ] = =~
BARCELONA | = ‘ =
upf.| SCHOOL OF | e L ‘
MANAGEMENT (A= — ———
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Assumptions

Assumption made in linear programming. Hillier 2014,
chapter 3.



Assumptions of linear programming

Proportionality: The contribution of each activity to the value of the objective
function Z is proportional to the level of the activity x; increase in Z that , as

represented by the ¢;x; term in the objective function

BARCELONA
upf.| SCHOOL OF
MANAGEMENT
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Assumptions of linear programming

Proportionality: The contribution of each activity to the value of the objective
function Z is proportional to the level of the activity x; increase in the objective

function Z, as represented by the ¢jx; terms

1

Maximize Z = cix; + cxp + - + c,.x,,

BARCELONA
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Contribution

ofx;t0Z A "
/
12 —
The solid curve
Violation of violates the
. . . Q — . .
Proportionality: ) Satisfies proportionality
Start-up costs proportionality assumption
4l assumption because of the
Violates start—up cost
proportionality
assumption
3 —
/
0 ¢ | | L > —
/ 1 2 3 4 g
Starl-up COSt—>( 1 Opeﬁletslg;sch
__.3 —

BARC
upf.| SCHCuL ur
MANAGEMENT
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Contribution A

of x;toZ

18

9

Violation of
Proportionality:
Increasing
marginal returns

Violates
proportionality
assumption >y

/
A
/™ Satisfies
proportionality
assumption

o —
0w
I
=

75

The solid curve
violates the
proportionality
assumption because its
slope (the marginal
return from

product 1) keeps
Increasing

as x, 1s increased

When can this happen?




Contribution A

of xyto Z

Violation of
Proportionality:
Diminishing marginal
returns (bananas,
copper)

BARCELONA
SCHOOL OF
MANAGEMENT

upf.

6

Satisfies %
proportionality
assumption ’

7

\//
/
/

Violates
proportionality
assumption

76

The solid curve
violates the
proportionality
assumption because its
slope (the marginal
return from

product 1) keeps
decreasing

as x, 1s increased

When can this happen?




Diminishing (bananas, copper) versus increasing (Mercedes, iPhones)
marginal returns can make the difference between rich and poor countries

Countries Got Rch’

...and Why Poor

Countries Stay Poor
Erik S. Reinert .

Erik S. Reinert

BARCELONA

.| SCHOOL OF

MANAGEMENT
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Assumptions of linear programming

Additivity: Every function in a linear programming model (whether the objective
function or the function on the left—hand side of a functional constraint) is the sum
of the individual contributions of the respective activities

Maximize Z = 3x; + 5x, + x1x5

Subject to: 1
Additive? —
x1 <4
2x, < 12
3x; +2x, < 18
x1 =0

XZZO

BARCELONA
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Assumptions of linear programming

Divisibility: Decision variables in a linear programming model are

allowed to have any values, including noninteger values, that satisfy the functional
and nonnegativity constraints. Thus, these variables are not restricted to

just integer values. Since each decision variable represents the level of some
activity, it is being assumed that the activities can be run at fractional levels

When a decision variable must be an integer, it becomes a case of integer
programming

BARCELONA
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Knapsack problem algorithm Can this be formulated

B | =

as a linear
Yes, items with different utility to

programming problem?
be packed without exceeding a
l - given total weight

. Not with these items

Does divisibility apply?

Source: https://victoria.dev/blog/knapsack-problem- . .
algorithms-for-my-real-life-carry-on-knapsack/ V V lth O th e 1" 1te m S ?

BARCELONA
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Assumptions of linear programming

Certainty: The value assigned to the parameters (the a}’s,
b;'s, and ¢;'s) of a linear programming model are assumed
to be known constants

“it is usually important to conduct sensitivity analysis
after a solution is found that is optimal under the
assumed parameter values’ (Hillier, p. 43)

“For a mathematical model with specified values for all
its parameters, the model’s sensitive parameters are
the parameters whose value cannot be changed
without changing the optimal solution” (Hillier, p. 17)

upf.
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In practice what is checked in linear programming’s
sensitivity analysis is which parameter — when moved
— can change the optimal solutions, and this is done
moving each parameter at a time

This approach is consistent with the optimization logic
but becomes fragile when for example (a) more
parameters are uncertain or (b) the system has non
linearities / non additivities -

BARCELONA

upf.| SCHOOL OF

MANAGEMENT

82




upf.

BARCELONA
SCHOOL OF
MANAGEMENT

More examples

More examples of linear programming. Hillier 2014,
chapter 3.



More cases: (1) Design of Radiation Therapy for patient Mary

Beam 2
dpb
¥ FIGURE 3.11 @
Cross section of Mary’s
tumor (viewed from above), B
L : eam |
nearby critical tissues, and
the radiation beams being |. Bladder and
used. tumor
2. Rectum, coccyx,
elc.
3. Femur, part of s -j
pelvis, etc. g
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B TABLE 3.7 Data for the design of Mary’s radiation therapy

Fraction of Entry Dose
Absorbed by
Area (Average)

Area Beam 1 Beam 2 Restriction on Total Average
Dosage, Kilorads

Healthy anatomy 0.4 0.5 Minimize

Critical tissues 0.3 0.1 =27

Tumor region 0.5 0.5 =:.6

Center of tumor 0.6 0.4 = 6

dab

Beam 1

1. Bladder and
tumor

2. Rectum, coccyx,
etc.

3. Femur, part of
pelvis, etc.

The data consist of how much radiation will be received by each of

the four areas (tumour and non—-tumour) from each of the two

beams

BARCELONA
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Beam 2
# TABLE 3.7 Data for the design of Mary’s radiation therapy

Fraction of Entry Dose @
Absorbed by @ D
Area (Average) @

Area Beam 1 Beam 2 Restriction on Total Average
Dosage, Kilorads

Beam |
. . nimiz

Ctca s 03 o1 iy 1. Bladder and
Tumor region 0.5 0.5 = 6 tumor
Center of tumor 0.6 0.4 = 6 2. Rectum, coccyx,

etc.

3. Femur, part of
pelvis, etc.

“For example, if the dose level at the entry point for beam 1 is 1 kilorad, then an average
of 0.4 kilorad will be absorbed by the entire healthy anatomy in the two-dimensional
plane, an average of 0.3 kilorad will be absorbed by nearby critical tissues, an average of
0.5 kilorad will be absorbed by the various parts of the tumour, and 0.6 kilorad will be
absorbed by the centre of the tumour.”

1 rad = 0.01Gray (symbol Gy)

BARCELONA
upf.| SCHOOL OF

MANAGEMENT 1 Gy = 1 Joule/Kg
86



M TABLE 3.7 Data for the design of Mary’s radiation therapy Beam 2

«—— Fraction of Entry Dose

=per Kilorad Absorbed by
Area (Average) @

Area Beam 1 Beam 2 Restriction on Total Average
Dosage, Kilorads

'y

Beam |
Healthy anatomy 0.4 0.5 Minimize
Critical tissues 0.3 0.1 < 2.7 1. Bladder and
Tumor region 0.5 0.5 = 6 tumor
Center of tumor 0.6 0.4 = 6 2. Rectum. COCCYX,
etc.

“For example, if the dose level at the entry point for beam 1 is 1 kilorad, then an average 3 Fempr. part of

of 0.4 kilorad will be absorbed by the entire healthy anatomy in the two—dimensional pelvis, etc.

plane, an average of 0.3 kilorad will be absorbed by nearby critical tissues, an average of

0.5 kilorad will be absorbed by the various parts of the tumour, and 0.6 kilorad will be

absorbed by the centre of the tumour.”

Decision variables? Please try

BARCELONA
upf.| SCHOOL OF
MANAGEMENT

87



B TABLE 3.7 Data for the design of Mary’s radiation therapy

Fraction of Entry Dose
Absorbed by
Area (Average)

Area Beam 1 Beam 2 Restriction on Total Average
Dosage, Kilorads

Healthy anatomy 0.4 0.5 Minimize

Critical tissues 0.3 0.1 =27

Tumor region 0.5 0.5 =:.6

Center of tumor 0.6 0.4 = 6

Minimize dosages from beams 1 and 2 (=how

many Kilorads from beam 1 and 2) to healthy
anatomy so -

BARCELONA
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dab

Beam 1

1. Bladder and
tumor

2. Rectum, coccyx,
etc.

3. Femur, part of
pelvis, etc.



Beam 2
M TABLE 3.7 Data for the design of Mary’s radiation therapy

Fraction of Entry Dose @ D
Absorbed by @

Area (Average)

Area Beam 1 Beam 2 Restriction on Total Average Beuin i
Dosage, Kilorads
1. Bladder and
Healthy anatomy 0.4 0.5 Minimize tumor
Critical tissues 0.3 0.1 = 2.7 i o
Tuyisor: fealors 0.5 0.5 =6 2. Rectum, coccyx.
Center of tumor 0.6 0.4 = 6 eic.

3. Femur, part of
pelvis, etc.

Minize Z = 0.4x, + 0.5x,  Subject to
0.3X1 + lez < 2.7 These are the ...

0.5.X'1 + 05x2 =6 Structural constraints
0.6x; + 0.4x,26

A

And

X120 These are the ...
X1 =0 Nonegativity constraints
BARCELONA
upf.| SCHOOL OF
MANAGEMENT
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Beam 2

M TABLE 3.7 Data for the design of Mary’s radiation therapy

Fraction of Entry Dose @ E
Absorbed by @

Area (Average)

Area Beam 1 Beam 2 Restriction on Total Average Beuin i
Dosage, Kilorads
1. Bladder and
Healthy anatomy 0.4 0.5 Minimize tumor
Critical tissues 0.3 0.1 = 27
2. Rectum, s
Tumor region 0.5 0.5 =.6 ¢ ctam, cocey
Center of tumor 0.6 0.4 =6 si6. <
3. Femur, part of
pelvis, etc.

Minize Z = 0.4x; + 0.5x, Subject to

0.3x; +0.1x, < 2.7
O(.)ééc;1++0(fj-c;2:66 What i1s new 1n this case?

And

x,20
x,20
BARCELONA
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Minize Z = 0.4x; + 0.5x,

Subject to
0.3x; + 0.1x, < 2.7
0.5x; + 0.5x, =6
0.6x; + 0.4x,26
And
x,20
x,20

BARCELONA
upf.| SCHOOL OF
MANAGEMENT

Time for work on the —
Cartesian plane —

shutterstock.com - 1455758819
Hint:

1) start by drawing the straight lines

0.3x; + 0.1x, = 2.7

0.5x; + 0.5x, =6

0.6x; + 0.4x,=6

?2) identify the critical region
3) Compute Z at the extremes of the critical
region — for this you must find the intersections of
the various lines

91



Minize Z = 0.4x; + 0.5x,

Subject to
0.3x; + 0.1x, < 2.7
0.5x; + 0.5x, =6
0.6x; + 0.4x,26
And
x,20
x,20

BARCELONA
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0.6x; +04x, =6

Solve simultaneously

0.5x; + 0.5x, = 6
0.6x; +04 =6
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X 4

To solve simultaneously
0.5x1 + 0.5x, = 6 5

0.6x; +0.4x, =6 \

Derive x; from the first

equation

xl — (—050x2+6 ):_xz + 12 -
Plug this into the second
equation

7.2 —0.2%, = 6
Xy = 6 5

Plugging this back in either
the first or the second

equation gives x; = 6

0.6x; + 04x, =6

Solve simultaneously

O.le + OSXZ — 6
0.6X1 + O4x2 - 6

How do you find this

point?

BARCELONA 0
SCHOOL OF
MANAGEMENT
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Minize Z = 0.4x; + 0.5x,

Subject to
0.3x; + 0.1x, < 2.7
0.5x; + 0.5x, =6
0.6x; + 0.4x,26
And
x,20
x,20

BARCELONA
upf.| SCHOOL OF
MANAGEMENT

X7

15

0.6x; +04x, =6

Solve simultaneously

0.5x; + 0.5x, = 6
0.3x; +0.1 =27

a
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To solve simultaneously
0.5x; +0.5x, = 6
0.3x; + 0.1x, = 2.

Derive x; from the first
equation

X, = (—_0'55;% )=—x2 +12

Plug this into the second
equation

0.3(12 —x3) + 0.1x, = 2.7
3.6 —0.3x, +0.1x, = 2.7
0.2x, = 0.9
X, =45

Plugging this back in either
the first or the second

10

equation gives x; = 7.5 — |

BARCELONA
SCHOOL OF
MANAGEMENT

0

) 0.6x; +04x, =6

Solve simultaneously

O.le + OSXZ == 6
0.3x; + 0.1 = 2.7

How do you find this
point?
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Stay between two constraint lines

... then this is a corner-point feasible (CPF) solution

T 05x; +0.5x, =6
...but also stay on this line

96



More cases: (2) Controlling Air Pollution

A steel producing company needs to cut the emissions from one of its plans.
The desired reduction i1s:

TABLE 3.12 Clean air standards for the Nori & Leets Co.

Pollutant Required Reduction in Annual Emission Rate
(Million Pounds)
Particulates 60
Sulfur oxides 150
Hydrocarbons 125
Operations j
Research
BARCELONA
.| SCHOOL OF

MANAGEMENT
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TABLE 3.12 Clean air standards for the Nori & Leets Co.

Pollutant Required Reduction in Annual Emission Rate
(Million Pounds)

Particulates 60
Sulfur oxides 150
Hydrocarbons 125

The pollution arises from two primary sources, namely, the blast furnaces for making pig iron and the open-—
hearth furnaces for changing iron into steel.

Used at full power, the three methods available to reduce emissions (taller smokestacks, filters and better
fuel) will yield the following reduction

TABLE 3.13 Reduction in emission rate (in millions of pounds per year) from the
maximum feasible use of an abatement method for Nori & Leets Co.

Taller Smokestacks Filters Better Fuels

Blast Open-Hearth| Blast Open-Hearth | Blast Open-Hearth

Pollutant Furnaces Furnaces Furnaces Furnaces Furnaces Furnaces
Particulates 12 9 25 20 17 13
Sulfur oxides 35 42 18 31 56 49

Hydrocarbons 37 53 28 24 29 20

J0



TABLE 3.12 Clean air standards for the Nori & Leets Co.

Pollutant Required Reduction in Annual Emission Rat : :

ofiutan equired re ‘;1,,‘,’,;‘0:,,0':::,"5) mission Rate The pollution arises from two
S 0 primary sources: the blast
Sulfur oxides 150 <«— furnaces and the open—hearth
Hyd b 125

ycrocarbons furnaces

! TABLE 3.13 Reduction in emission rate (in millions of pounds per year) from the

maximum feasible use of an abatement method for Nori & Leets Co. Used at full POWEr, the three

Taller Smokestacks Filters Better Fuels me.tho-ds avallable to reduce
< emissions (taller smokestacks,
Blast Open-Hearth | Blast Open-Hearth | Blast Open-Hearth . . .
Pollutant Furnaces Furnaces Furnaces Furnaces Furnaces Furnaces flltel"S and better fuel) WIH y1€1d
Particulates 12 9 25 20 17 13 the following reduction
Sulfur oxides 35 42 18 31 56 49
Hydrocarbons 37 53 28 24 29 20

Decision variables?

© TABLE 3.14 Total annual cost from the maximum feasible use of an abatement
method for Norl & Leets Co. (S millions)

And this 1s the associated cost,

Abatement Method

Blast Furnaces

Open-Hearth Furnaces

Taller smokestacks
Filters
Better fuels

8
7
1

10
6
9

<«— still using the methods at their
fullest power

BARCELONA
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TABLE 3.12 Clean air standards for the Nori & Leets Co.

Pollutant Required Reduction in Annual Emission Rate
(Million Pounds)

Particulates 60

Sulfur oxides 150

Hydrocarbons 125

TABLE 3.13 Reduction in emission rate (in millions of pounds per year) from the
maximum feasible use of an abatement method for Nori & Leets Co.

Taller Smokestacks Filters Better Fuels

Blast Open-Hearth | Blast Open-Hearth | Blast Open-Hearth
Pollutant Furnaces Furnaces Furnaces Furnaces Furnaces Furnaces
Particulates 12 9 25 20 17 13
Sulfur oxides 35 42 18 31 56 49
Hydrocarbons 37 53 28 24 29 20

 TABLE 3.14 Total annual cost from the maximum feasible use of an abatement
method for Norl & Leets Co. ($ millions)

Abatement Method Blast Furnaces Open-Hearth Furnaces
Taller smokestacks 8 10
Filters 7 6
Better fuels 1 9
BARCELONA
upf.| SCHOOL OF
MANAGEMENT
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Look at the constraints,
expressed as function of
maximum feasible use -

Decision variables?

P —

Look at the structure of the cost;
it depends on the three methods
applied to the two furnaces ---



So we go from this

 TABLE 3.14 Total annual cost from the maximum feasible use of an abatement

method for Norl & Leets Co. ($ millions)

Abatement Method Blast Furnaces Open-Hearth Furnaces
Taller smokestacks 8 10
Filters 7 6
Better fuels 1 9
To this

TABLE 3.15 Decision variables (fraction of the maximum feasible use of an

abatement method) for Nori & Leets Co.

Abatement Method Blast Furnaces Open-Hearth Furnaces

Taller smokestacks X X2

Filters X3 X4

Better fuels Xs X
BARCELONA

upf.| SCHOOL OF
MANAGEMENT
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Decision variables?

Perhaps the fraction of method i =
1,2,3 applied to furnace j = 1,2

This fraction can be expressed as a
number in (0,1)
[s this equivalent?

The fraction to furnace i = 1,2 from
method j =1,2,3



Putting the two tables together

 TABLE 3.14 Total annual cost from the maximum feasible use of an abatement

method for Norl & Leets Co. (S millions)

Abatement Method

Blast Furnaces

Open-Hearth Furnaces

Taller smokestacks
Filters
Better fuels

8
7
11

10
6
9

' TABLE 3.15 Decision variables (fraction of the maximum feasible use of an

abatement method) for Nori & Leets Co.

Abatement Method

Blast Furnaces

Open-Hearth Furnaces

Taller smokestacks
Filters
Better fuels

X
X3
Xs

X2
X4
Xe

We can write

Minimize 8x; + 10x, + 7x3 + 6x4 + 11x5 + 9x4

BARCELONA
upf.| SCHOOL OF
MANAGEMENT
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TABLE 3.15 Decision variables (fraction of the maximum feasible use of an

abatement method) for Nori & Leets Co.

Abatement Method

Blast Furnaces

Open-Hearth Furnaces

Taller smokestacks
Filters
Better fuels

Xy
X3
Xs

X2
Xa
Xe

TABLE 3.13 Reduction in emission rate (in millions of pounds per year) from the
maximum feasible use of an abatement method for Nori & Leets Co.

Taller Smokestacks

Filters

Better Fuels

Blast Open-Hearth| Blast Open-Hearth | Blast Open-Hearth
Pollutant Furnaces Furnaces Furnaces Furnaces Furnaces
Particulates 12 25 20 17 13
Sulfur oxides 35 18 31 56 49
Hydrocarbons 37 28 24 29 20

We can write for particulate

12x; + 9x5 + 25x3 + 20x, + 17x5 + 13x,=60

BARCELONA
upf.| SCHOOL OF
MANAGEMENT

Now we have to put
together these tables

TABLE 3.12 Clean air standards for the Nori & Leets Co.

Pollutant Required Reduction in Annual Emission Rate
(Million Pounds)
Particulates 60
Sulfur oxides 150
drocarbons 125

103



TABLE 3.12 Clean air standards for the Nori & Leets Co.

Pollutant Required Reduction in Annual Emission Rate
(Million Pounds)

Particulates 60
Sulfur oxides 150
Hydrocarbons 125

TABLE 3.13 Reduction in emission rate (in millions of pounds per year) from the The same for the other

maximum feasible use of an abatement method for Nori & Leets Co. pollutants
Taller Smokestacks Filters Better Fuels

Blast Open-Hearth| Blast Open-Hearth | Blast Open-Hearth
Pollutant Furnaces Furnaces Furnaces Furnaces Furnaces Furnaces
Particulates 12 9 25 20 17 13
Sulfur oxides 35 42 18 31 56 49
Hydrocarbons 37 53 28 24 29 20
To write:

Particulate =»  12x; + 9x, + 25x3 + 20x, + 17x5 + 13x4 = 60
Sulphur oxides = 35x; + 42x, + 18x3 + 31x, + 56x5 + 49x, = 150
Hydrocarbons =» 37x; + 53x, + 28x3 + 24x, + 29x5 + 20x4 = 125

BARCELONA Are we done?

upf.| SCHOOL OF
MANAGEMENT
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TABLE 3.12 Clean air standards for the Nori & Leets Co.

Pollutant Required Reduction in Annual Emission Rate
(Million Pounds)

Particulates 60

Sulfur oxides 150

Hydrocarbons 125

TABLE 3.13 Reduction in emission rate (in millions of pounds per year) from the
maximum feasible use of an abatement method for Nori & Leets Co.

Taller Smokestacks Filters Better Fuels

Blast Open-Hearth| Blast Open-Hearth | Blast Open-Hearth
Pollutant Furnaces Furnaces Furnaces Furnaces Furnaces Furnaces
Particulates 12 9 25 20 17 13
Sulfur oxides 35 42 18 31 56 49
Hydrocarbons 37 53 28 24 29 20
To write:

Particulate =>»

12x1 + 9x5 + 25x3 + 20x4 + 17x5 + 13x, = 60

Sulphur oxides = 35x; + 42x, + 18x3 + 31x, + 56x5 + 49x,=>150
Hydrocarbons =» 37x; + 53x, + 28x3 + 24x, + 29x5 + 20x4 = 125

upf.

BARCELONA
SCHOOL OF
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Nonnegativity constraints

x; =0forj=12,..6

Are we done?

xj <l forj=12,..6



TABLE 3.12 Clean air standards for the Nori & Leets Co.

Pollutant Required Reduction in Annual Emission Rate
(Million Pounds)

Particulates 60

Sulfur oxides 150

Hydrocarbons 125

! TABLE 3.13 Reduction in emission rate (in millions of pounds per year) from the
maximum feasible use of an abatement method for Nori & Leets Co.

Taller Smokestacks Filters Better Fuels
Blast Open-Hearth | Blast Open-Hearth | Blast Open-Hearth . .
Pollutant Furnaces  Furnaces | Furnaces  Furnaces |Furnaces Furnaces Solved Wlth the method Of SlmpleX (not ShOWH
Particulates 12 9 25 20 17 13 1 1 3 .
mele | b k 2 2 3 e here) gives the following solution:
Hydrocarbons 37 53 28 24 29 20

 TABLE 3.14 Total annual cost from the maximum feasible use of an abatement
method for Norl & Leets Co. (S milllons)

(%1, %5, X3, X4,X%5,X¢) =(1, 0.623, 0.343, 1, 0.048, 1)

Abatement Method

Blast Furnaces

Open-Hearth Furnaces

Taller smokestacks
Filters
Better fuels

8
7
11

10
6
9

TABLE 3.15 Decision variables (fraction of the maximum feasible use of an
abatement method) for Nori & Leets Co.

Abatement Method

Blast Furnaces

Open-Hearth Furnaces

Taller smokestacks
Filters
Better fuels

X
X3
Xs

X2
X4
Xe

106
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More cases: (3) Scheduling

An air company needs to allocate staff to different shifts as to cover flights

while minimizing costs

The shifts are

Shift 1
Shift 2
Shift 3
Shift 4

Shift 5

BARCELONA
SCHOOL OF
MANAGEMENT

6:00 am

8:00 am

noon

4:00 pm

10:00 pm

107

-m

2:00 pm

4:00 pm

8:00 pm

midnight

6:00 am

]
-

Introductionto
Operations
Research




Time Periods Covered
shift
Are these Minimum Number of
numbers Time Perlod 1 2 3 4 5 Agents Needed
needed?  ____ ,6.00 Awm. to 8:00 Am. v 48 <
8:00 Am. to 10:00 A.m. v v 79
10:00 a.m. to noon 4 v 65
Noon to 2:00 pm. v v v 87
2:00 p.m. to 4:00 pM. v (4 64
4:00 p.M. to 6:00 pm. v v 73
6:00 p.m. 1o 8:00 pm. v v 82
8:00 pM. to 10:00 pm. v 43
10:00 p.m. to midnight v v 52
Midnight to 6:00 a.m. v 15
Daily cost per agent $170 $160 $175 $180 $195
BARCELONA
upﬁ SCHOOL OF
MANAGEMENT

The five shifts cover different time windows at a different cost

© TABLE 3.19 Data for the Union Airways personnel scheduling problem

108

Are these
numbers
needed?



What do we want to minimize?

TABLE 3.19 Data for the Union Airways personnel scheduling problem

Time Periods Covered
Shift
Minimum Number of

Time Perlod 1 2 3 4 5 Agents Needed
6:00 A.m. to 8:00 am. v 48

8:00 Am. to 10:00 A.m. v v 79

10:00 a.m. to noon v v 65

Noon to 2:00 pm. v v v 87

2:00 p.m. to 4:00 pm. v v 64

4:00 pM. to 6:00 pm. v v 73

6:00 p.m. to 8:00 pm. v v 82

8:00 p.m. to 10:00 pm. v 43

10:00 p.m. to midnight v v 52
Midnight to 6:00 a.m. v 15

Daily cost per agent $170 3160 3175 $180 $195

Cost, based on the number x; of agents assigned
to each shift i,i = 1,..5:

Minimize 170x;+ 160x,+ 175x5 + 180x, + 195x.

BARCELONA
SCHOOL OF
MANAGEMENT
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© TABLE 3.19 Data for the Union Airways personnel scheduling problem

Time Periods Covered
shift
Minimum Number of

Time Period 1 2 3 E] 5 Agents Needed
6:00 A.m. to 8:00 am. v 48

8:00 am. to 10:00 Am. v v 79

10:00 a.m. to noon 4 4 65

Noon to 2:00 pm. v v v 87

2:00 pym. to 4:00 pm. v v 64

4:00 p.m. to 6:00 pm. v v 73

6:00 p.m. to 8:00 pM. 4 4 82

8:00 pm. to 10:00 pMm. v 43

10:00 p.m. to midnight v v 52
Midnight to 6:00 a.m. v 15

Daily cost per agent $170 3160 3175 $180 $195

Minimize 170x;+ 160x,+ 175x3 + 180x, + 195x:

Which is the first structural constraint?
xl > 48
Which 1s the second structural constraint?

BARCELONA

upf.| SCHOOL OF

MANAGEMENT

X1 +x2 > 79
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TABLE 3.19 Data for the Union Airways personnel scheduling problem

Time Periods Covered
shift
Minimum Number of

Time Period 1 2 3 4 5 Agents Needed
6:00 A.m. to 8:00 A.m. v 48

8:00 Am. to 10:00 a.m. v v 79

10:00 a.m. to noon v v 65

Noon to 2:00 pm. v v v 87

2:00 p.m. to 4:00 pm. v v 64

4:00 p.M. to 6:00 pM. v 4 73

6:00 p.m. 1o 8:00 pM. v 4 82

8:00 pM. to 10:00 pm. v 43

10:00 p.m. to midnight v v 52
Midnight to 6:00 a.m. v 15

Daily cost per agent $170 3160 3175 $180 $195

Minimize 170x;+ 160x,+ 175x5 + 180x, + 195x.

BARCELONA
upf.| SCHOOL OF
MANAGEMENT
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x124‘8
x1+x2279 I
x1+x2265

X1 +XZ +X3 > 87

Xy +x3 = 64

X3+ x4 =73 I

x3 + x4 = 82
x5243

X5 +x6252
Xg = 15

Anything weird about these
structural constraints ?

Anything Missing?

XiZO,i= 1,5



TABLE 3.19 Data for the Union Airways personnel scheduling problem

Time Periods Covered
shift
Minimum Number of

Time Period 1 2 3 4 5 Agents Needed
6:00 A.m. to 8:00 A.m. v 48

8:00 Am. to 10:00 a.m. v v 79

10:00 a.m. to noon v v 65

Noon to 2:00 pm. v v v 87

2:00 p.m. to 4:00 pm. v v 64

4:00 p.M. to 6:00 pM. v 4 73

6:00 p.m. 1o 8:00 pM. v 4 82

8:00 pM. to 10:00 pm. v 43

10:00 p.m. to midnight v v 52
Midnight to 6:00 a.m. v 15

Daily cost per agent $170 3160 3175 $180 $195

Minimize 170x;+ 160x,+ 175x5 + 180x, + 195x.

BARCELONA
upf.| SCHOOL OF
MANAGEMENT
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The optimal
solution for this
model 1s

(xq, X5, X3, Xq, X5)=
(48, 31, 39, 43, 15).
This yields Z
30,610, that 1s, a
total daily
personnel cost of

$30,610.

XiZO,i= ,5



7 TABLE 5.9 Data fur the Unian Arwayy persnmed schwdaling problens X > 48

Timme Prrtacts Covered X +x,279 .
e = 5n+x;265

T Pt ' 2 s . s Mgty mmeded X3 + X3+ X3 287
GO0 a0 um | v . | - X; + Xy =64

Seawe | 2 - ninzm
erawimm | o v - nixe=82
A0 e v v 7 x; =43
%% m = B < e - X543 252
s . - 5 G

Gy (et pur s W e BB e U

Anything weird abowt these
structural constrainis ?

AMiumire 170x;+ 160x;+ 175x; < 1801, + 195x; Anything Missing?

===,

x20i=1.5

What happened to divisibility?

BARCELONA

upf.| SCHOOL OF

MANAGEMENT
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»
George Dantzig
(1914-2005)

Method of simplex

A geometric illustration of the simplex method. Hillier
2014, chapter 4.



Simplified illustration of the simplex method
(Recall from Lesson one, developed by George Dantzig ~1947)

) Maximize Z = 3x; + 5x,,
= subject to
Corner point unfeasible solution =——» (0,9) x) 5 i 1‘21
X =
3x + 2x, = 18 3x;+ 2, <18

Corner point feasible solution  =——p (0.6)

upf.

¥ FIGURE 4.1

Constraint boundaries and
corner-point solutions for the (0. 0) »
Wyndor Glass Co. problem. 4.0 (6,0 !

Recall the all-
important concept of
Corner Point Feasible

(CPF) solution.

The problem has
three unfeasible
corners (which are
--+?) and five feasible
corners (CPF)

solutions (which are
)

BARCELONA
SCHOOL OF

MANAGEMENT
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0,6)

3X| +2X2=]8

Maximize Z = 3x; + 5x,,
subject to
Xy = 4
2!2 =12
3x;+ 2x =18
and
x=0, »»=0

(4,6)
2

X|=4

26, = 12

Recall that if there is only one optimal
solution this must be a CPF

(0,0)
4.0) (6.0) LS
BARCELONA
upf.| SCHOOL OF
MANAGEMENT

Source (both images): Wikipedia Commons
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(0, 6)

(0,0

= subject to

Xy = 4
2\?2 =12
3+ 2n, = 18 3 + 2 = 18

and
x =0, xp=0

Maximize Z = 3x; + 5x,,

(4,6)
2

26, = 12

X|=4

4,0) (6.0) LS

In n dimensions the feasible region is a hyper
polyhedron while the objective function is a plane;
when 1t touches the polyhedron it will be in on a
CPF (a corner) — or if there are more solutions, it
will touch at least two CPF’s (an edge or a plane)

upf.
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Source (both images): Wikipedia Commons
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(0.6)

(0,0

= subject to
x = 4
2¥2 =12
3x; + 2x, =18 3x + 2, =18
and
=0, =0

Maximize Z = 3x; + 5x,,

(4.6)
4

26, = 12

X|=4

4,0) (6.0) ES |

— If there 1s only one

optimal solution this '

must be a CPF

upf.

BARCELONA
SCHOOL OF

MANAGEMENT

118

So a brute—force strategy
to find the solution is to
compute Z in all CPF
points

This 1s not what simplex
does. What 1s the
algorithm employed by
simplex?



Without proof we say that two CPF are adjacent in a problem with n decision variables
(2 in the example) when the point share (n-1) constraints boundaries (7 in this case).

(0, 6)

0,0

Maximize Z = 3x; + 5x,,
=1 subject to
Xy = 4
2\?2 =12
3x;+ 2x =18
and
x=0, »»=0

3X| +2X2=]8

In three dimensions these
two vertices share two
boundary planes

2.6) ‘(4. 6) -
= (2,6) and (4,3)
share one

boundary line

»(4.3)

4,0) (6.0) LS

—

Source (both images): Wikipedia Commons

upf.

BARCELONA
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Icosahedron: twenty (eikosi=) faces/planes
Thirty edges

Twelve vertices

Faces+ vertices—2=edges (Euler’s formula)



© TABLE 4.1 Adjacent CPF solutions for each CPF
solution of the Wyndor Glass Co. problem

CPF Solution Its Adjacent CPF Solutions
%2 Maximize Z = 3x; + 5%, (0, 0) (0, 6) and (4, 0)
=0 i i (0, 6) (2, 6) and (0, 0)
©.9 Yoy =12 (2, 6) (4, 3) and (0, 6)
3%+ 2x; =18 3x +2x; = 18 (4, 3) (4, 0) and (2, 6)
. 4,0 (0, 0) and (4, 3)
R I e

0,6)

If the points adjacent to a given CPF all have lower Z
than the given point, the given point is the optimal
solution. This implies that I do not need to explore
all CPF, but to follow a trajectory and systematically
explore at each stage the adjacent point of my

@0 60 H position. I stop the trajectory when all adjacent

(0,0

points have lower Z.

BARCELONA
upf.| SCHOOL OF
MANAGEMENT
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0,6)

(0,0

© TABLE 4.1 Adjacent CPF solutions for each CPF
solution of the Wyndor Glass Co. problem

CPF Solution Its Adjacent CPF Solutions
Mm.dmich= 3x; + 5xa, (0, 0) (0, 6) and (4, 0)
ks i i 0, 6) (2, 6) and (0, 0)
' 2, = 12 (2, 6) (4, 3) and (0, 6)
3%+ 2x; =18 3x +2x; = 18 (4, 3) (4, 0) and (2, 6)
B e 4, 0) (0, 0) and (4, 3)
R I e

(4,6)
2

26, = 12

X|=4

If the points adjacent to a given CPF all have lower Z
than the given point, the given point 1s the optimal
solution. Why?

4.0) (6.0) LS

upf.
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If the points adjacent to a given CPF all have lower Z than the given
point, the given point is the optimal solution. Why?

upf.

BARCELONA
SCHOOL OF
MANAGEMENT

Because the solution space 1s convex: if you are on
a peak, there cannot be a taller peak in sight

Source: https://www.istockphoto.com
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Because the solution space is convex: if you are on
a mountain surrounded by valleys, there cannon be
other mountains beyond the valleys

Possible
solution space

P
<

Not a solution
space

v

From the cover of Proof and Refutation, of Imre
Lakatos, Cambridge University Press

BARCELONA
upf.| SCHOOL OF
MANAGEMENT
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If the points adjacent to a given
R CPF all have lower Z than the given
x =0 sbjeetto point, the given point is the optimal

2

0,9) x) = 4 .
2, = 12 solution.
3% + 2x; = 18 3+ 2, <18
and

xlaO, I?_EO

(2.6) (4.6)
\ 4

6

Z = 30 0.6

2\72 =12

Applying this to the n = 2 example
= of the figure above, one can start
from (0,0), pass by (0,6), and stop at
(2,6) since the adjacent points of
(0,6) have lower Z

4.3/ =27

_ | - .
Z =0 ©0 an - D % Starting from (4,0) leads to the same
Z =12 result
BARCELONA
.| SCHOOL OF

MANAGEMENT
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Work in the classroom — handwritten

1. Split the events in slide N. 8 starting from ‘in favour’ and ‘against’ instead of male and female

We are to find the
probability of this event

This event has
already occurred

Stppose all 100 exngroryees of & compmey were sdad whether thwy ste m Do of o apatost
- sl I US Taldle 43 DAY ¢ 1 ] 1 ili
oganhgreiepna bt aandelaias A 45|60 <—Required probability
! A
Table 4.4 Two-Way Classification of Employee : gamst / May,
Responses with Totals | 45/60 2
|
In Favor (A) Against (8) Total ) :
Male (M) IS 45 60 :
Female (F) 4 36 40 |
Total 19 81 100 :
]
|
|
|
[
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Work in the classroom — handwritten

2. Consider the following model: Minimize
Z = 4‘0x1 + 50x2

subject to
2x; + 3x,=30
X1+ x,=212
le + Xy < 20
and
x1=0
x>0

Use the graphical method (paper pencil and ruler) to solve this model.

126



Work in the classroom — handwritten

3. The nut—-mix problem

The nut-mix problem of Charnes and Cooper (1953 ):

A manufacturer wishes to determine an optimal program for mixing three grades
[A. B, D] of nuts consisting of cashews [C], hazels [H], and peanuts [P] according
to.the speciﬁcations and prices given in table 1. Hazels may be introduced into th;
mlx.ture in any quantity, provided the specifications are met. The amounts of each nut
av'allable each day and their costs are given in table 2. Determine the pounds of each
rplxture that should be manufactured each day to maximize the gross return (contribu-
tion margin).

Page 94 Gass, S. 1., & Assad. A. A. (2006). 4An Annotated
Timeline Of Operations Research: An Informal History
(1st Corrected ed. 2005. Corr. 2nd printing 2006 edition).
BARCELONA Springer-Verlag New York Inc.

upf.| SCHOOL OF
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The nut—mix problem

Table 1
Mixture Specifications Selling price:
¢/pound
A Not less than 50% cashews 50
Not more than 25% peanuts
B Not less than 25% cashews 35
Not more than 50% peanuts
D No specifications 25 |
. Hazels
%,- : (éiiireg Table 2 (avellana)
Peanuts g« Y Inputs ' Capacity: pounds/day
(mani) r( ' |
AT C | 100
o H | 60
S P | 100
] EeEiona Tota 260

MANAGEMENT

Source: https://www.cashews.org

S

ource: https://www.woodlandtrust.org.uk/

Price: ¢/pound

65
35
25




Hint 1

Table 1
Reckon in terms of pounds per
Mixture Specifications Selling price: day of the three nuts type
¢/pound
A Not less than 50% cashews 50
Not more than 25% peanuts
B Not less than 25% cashews 35
Not more than 50% peanuts
D No specifications 25
Table 2
Inputs | Capacity: pounds/day | Price: ¢/pound
3 100 65
H 60 35
P 100 25
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Table 1

Hint 2

Mixtoce : 3 : P C pounds cashew/day
Specifications Selling price: H pounds hazels/day
¢/pound P pounds peanuts/day
A Not less than 50% cash o
HERSIEWS 30 C_A pounds cashew/day in A
Not more than 25% peanuts C_B pounds cashew/day in B
B Not less than 25% cashews 35
C_P pounds peanuts/day in D
Not more than 50% peanuts (nine variables)
D No specifications 25
Work in the classroom Table 2
— handwritten :
Inputs ' Capacity: pounds/day | Price: ¢/pound
3. Write down the equations for the c | 100 65
. . . |
Nut—-mix example of the previous slides i 60
without solving it 35
P 100 25
BARCELONA
upf.| SCHOOL OF Total 260
MANAGEMENT
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Work in the classroom — handwritten

4. Choose one Pitfall in Formulation or one Pitfall in Modelling from the list offered in this lecture, go to chapter
3 (from page 23) of the volume of Majone and Quade and read the relevant subsection. Write one handwritten

page about what you read.

https://www.andreasaltelli.eu/file/repository/Giandomenico_Majone_Edward_S_Quade_Pitfalls_of_Analysis_Inter
national_Series_on_Applied_Systems_Analysis_8_John_Wiley_Sons_Ltd_1980_.pdf

Box 3.1 Pitfalls in formulation and modelling

Pitfalls in formulation

Insufficient attention to formulation

Unquestioning acceptance of stated goals and constraints
Measuring achievement by proxy

Misjudging the difficulties

Bias

131

Pitfalls in modelling

Equating modelling with analysis
Improper treatment of uncertainties
Attempting to really simulate reality
Belief that a model can be proved correct
Neglecting the by-products of modelling
Overambition

Seeking academic rather than policy goals
Internalizing the policy maker

Not keeping the model relevant

Not keeping the model simple

Capture of the user by the modeller

Source: (Quade 1980)




Work in the classroom - handwritten
5. Read Mann Introductory Statistics Chapter 4 Probability pages 136-176 and do

exercises 4.48, 4.70, 4.76, 4.99. Please don’t give just the answer but describe the
reasoning behind it.

132



Work in the classroom — handwritten

6. Mann Introductory Statistics Chapter 4 Probability exercises 4.48, 4.70, 4.76, 4.99.

4.48 A statistical experiment has 10 equally likely outcomes that are denoted by 1. 2, 3,4, 5,6, 7, 8. 9,
and 10. Let event 4 = {3, 4, 6. 9} and event B = {1, 2, 5}.

a. Are events 4 and B mutually exclusive events?

b. Are events 4 and B independent events?

c. What are the complements of events 4 and B, respectively, and their probabilities?

4.70 Find the joint probability of 4 and B for the following.
a. P(d) = 40 and P(B|A)= 25
b. P(B)= 65 and P(4|B)= 36

4.76 Given that P(4) = .30 and P(4 and B) = .24, find P(B | 4).

4.99 Suppose that 20% of all adults in a small town live alone, and 8% of the adults live alone and have
at least one pet. What 1s the probability that a randomly selected adult from this town has at least one pet
given that this adult lives alone?

133
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7. List the name of the four main assumptions of linear programming
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Thank you
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