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Beware the dimension of your model
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NEVER vary all factors of the same amount (5%, 10%, 20%)
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Use the method appropriate to context and purpose



An Introduction to variance
based methods
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Input variable x

Plotting the output as a function of two
different input factors

Which factor is more important?



C Output variable ,

~1,000 blue
points

Divide them
In 20 bins of
~ 50 points

Compute the
Cl O @d £UE x £
(pink dots)



C Output variable

AR e Input variable x .

Each pink point is ~ EX,,- Y| Xi



C Output variable

o ! _ Input variable x

Take the variance of

the pink points one Vx (Ex (Y‘ Xi ))
obtains a sensitivity | a
measure



C Output variable

¢ Which factor
has the highest

v, (E (Y]X)) 2




For additive models one can

decompose the total variance as a
sum of those partial variances

A Vi (Ec(Y[X)))o v(v)

“dUITEI dl gad &EAN@Od I OU«¢
models are defined



s - Vv, (E (Y]X)))
V(Y)
The partial variance divided by the
total variance iIs the so - called
sensitivity index of the first order,
| EEOUI EANdITI OdEOx OUNAUT O¢
correlation ratio
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sensitivity index: \Y ('U)
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First order sensitivity index

Unconditional
variance
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Vi, (B (v]X))

In plain English: the expected reduction
In variance that would be achieved If
factor X . could be fixed.



Non additive models
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There are terms which capture
two-UZLZbpdUI xEEdU&EPpd™ di
among variables.

All these terms are linked by a
formula



Variance decomposition (ANOVA)
V(Y)=

aV+aV TtV

|, >



Where does it come from?

f = f0‘|‘Z][‘|‘ZZﬂ;‘|‘ ok

1 I>1

l

V(Y) = ZV+LL o+ Vi

1 1>1




Dividing by the unconditional variance:

ZV+LL +...+V,

1 1>1

l

0 % Y E Yy



Variance decomposition (ANOVA)

The total variance can be decomposed
INto main effects and interaction effects
up to the order k, the dimensionality of
the problem (independent factors)



If fact Interactions terms are

awkward to handle: just the second
order terms for a model with k
factorsareasmanyas k(k -ums v d"

(10 factors=45 second order terms)
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Inclusive of first order and interactions?



In fact such terms exist and can be
computed easily, without knowledge of
the individual interaction terms



Thus givena model "8G O M8 hd )

Where the variance decomposition would

ead p Y Y Y Y Y YUY

We compute Y Y Y Y Y
Nty Y “\ “\
Nty Y ~\ ~\



| can as well divide the factors in @ Fed 8 FEd )

in justtwo groups, 6hy and the variance
decomposition could be written as

T 2

Instead of

P Y Y E Yy
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In plain English:

E, (v, (VX))

IS the expected variance that would be left If
all factors but Xi could be fixed (self evident
definition )
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he measures expressed In plain English

First order effect = Also known as top marginal
variance

=the expected reduction in

variance that would be \/ (E (Y X ))

achieved if factor Xi could be Xi VX ‘ |

fixed.

Total order effect = Also known as or bottom

: marginal variance
= the expected variance that J

would be left if all factors but

Xi could be fixed E, (in (V%)
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When the input factors are  not independent .

W (O—LX (oo\oo)) Can still be used
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Higher order Sobol' indices
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Effective dimension
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The difficulty of a function/model is not in its number of
dimensions but in the number of effective dimensions,
either in the truncation or superposition sense

truncation sense = how many factors are important?
superposition sense=how high is the highest interaction?



Why using variance - based
sensitivity analysis methods



Advantages with variance based methods:

A graphic interpretation scatterplots
A statistical interpretation
A expressed plain English
A working with sets
A relation to settings such as

factor fixing and factor  prioritization
A qgive the effective dimension

Chapter 1 its
exercises
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« The VARS framework enables
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Environmental Modelling &

Software
Volume 137, March 2021, 104960

Is VARS more intuitive and efficient
than Sobol’ indices?
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A geometric proof



Environmental Modelling & Software 25 (2010) 1508—1517
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How to avoid a perfunctory sensitivity analysis

Andrea Saltelli*, Paola Annoni

Joint Research Center, Institute for the Protection and Security of the Citizen, via E.Fermi, 2749, Ispra VA 21027, Italy



OAT In 2 dimensions

. . . . i g 1 -
--. X --. -.r L o
o e
e '-_'\.-
oh, e

Directions spannad
by OAT methods

.
[
r

Area circle
[ area

.
]
", il
oy
il
e
"k
" LR, |
o

= e

"
. ., L

R -

.I .ll -'l
= = = LR, R

xh e e
LY -\. LY L LY Lh LY L

oy
e
e
i u
am, W
i u
e

-

- square =7

~ 3/4




OAT In 3 dimensions

/! Volume sphere /

Yy
0

% | volume cube =7

4 : [ # ~ 1/2
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OAT In 10 dimensions; Volume

hypersphere / volume ten dimensional
hypercube =? -~ 0.0025



