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An introduction to variance 
based methods  
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Plotting the output as a function of two 
different input factors 

Which factor is more important? 

Output variable Output variable

Input variable xi Input variable xj
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~1,000 blue 
points 

Divide them 
in 20 bins of 
~ 50 points

Compute the 
bin’s average 
(pink dots)   

Output variable

Output variable

Input variable xi

Input variable xj
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Each pink point is ~  
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Output variable

Input variable xi
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Taking the variance 
of the pink points one 
obtains a sensitivity 

measure  
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Output variable

Input variable xi
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Which factor 
has the highest

                     ?( )( )iX XYEV
ii ~X

Output variable

Output variable

Input variable xj

Input variable xi
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The partial variance divided by the 
total variance is the so-called 

sensitivity index of the first order



Is this factor non-important? 
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For cases where Si is zero but 
the variable is still important we 

need to compute ‘total effect’ 
sensitivity indices  



First order effect Factor 
prioritization 
(orienting 
research)

Total effect Factor fixing 
(model 
simplification)  

The measures and their ‘settings’
= when to use them  



…but there is more, 
such as Sensobol in R, 
SALib in Phython … 



Advantages with variance based methods:

• graphic interpretation scatterplots
• statistical interpretation   
• expressed plain English 
• working with sets
• relation to settings such as 

factor fixing and factor prioritization
• give the effective dimension  

Chapter 1 its 
exercises 



… but there are other methods that can be used for different 
settings, e.g. moment independents methods, Shapley coefficients, 
reduced spaces, VARS …  



Don’t use One factor At a 
Time (OAT)

A geometric proof 





OAT in 2 dimensions

Area circle 
/ area 

square =? 

~ 3/4  



OAT in 3 dimensions

Volume sphere / 
volume cube  =?   

~ 1/2   

http://images.google.it/imgres?imgurl=http://yaroslavvb.com/research/reports/curse-of-dim/pics/sphere.gif&imgrefurl=http://yaroslavvb.blogspot.com/2006/05/curse-of-dimensionality-and-intuition.html&h=287&w=265&sz=11&hl=it&start=3&um=1&tbnid=WwtgUyNpRPBdwM:&tbnh=115&tbnw=106&prev=/images?q%3Dcurse%2Bdimensionality%26um%3D1%26hl%3Dit%26rls%3DGGLD,GGLD:2004-34,GGLD:it%26sa%3DN


~ 0.0025

OAT in 10 dimensions; Volume 
hypersphere / volume ten dimensional 
hypercube =?    



OAT in k dimensions

K=2

K=3

K=10



OAT does not capture interactions

➔ The resulting analysis is non 
conservative 



Quasi random sequences 
 

Ilya M. Sobol’   



Sobol’ LP-TAU 
are used in high 
frequency trading 

Source: https://www.youtube.com/watch?v=z4nCTdQlH8w



Root mean square error with different designs. 



Don’t run the model just once

There is much to learn by running the model 
a few times, especially during model building  



Lubarsky's Law of Cybernetic Entomology: 
there is always one more bug!



Model routinely used to produce point 
estimates may becomes non 

conservative when the uncertainty is 
plugged in 





Solution? Modelling of 
the modelling process by 

taking ‘all paths in the 
garden’ 



Don’t sample just 
parameters and boundary 

conditions 

Explore thoroughly the space of the 
assumptions
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An engineer’s vision of UA, SA



One can sample more than just factors: 

• modelling assumptions,

• alternative data sets, 

• resolution levels, 

• scenarios …



Reading material

Borgonovo, E. 2007. “A New Uncertainty Importance Measure.” Reliability Engineering & System Safety 92 (6): 771–84. 
https://doi.org/10.1016/J.RESS.2006.04.015.

Puy, Arnald, Pierfrancesco Beneventano, Simon A. Levin, Samuele Lo Piano, Tommaso Portaluri, and Andrea Saltelli. 2022. 
“Models with Higher Effective Dimensions Tend to Produce More Uncertain Estimates.” Science Advances 8 (eabn9450).

Razavi, Saman, Anthony Jakeman, Andrea Saltelli, Clémentine Prieur, Bertrand Iooss, Emanuele Borgonovo, Elmar Plischke, et 
al. 2021. “The Future of Sensitivity Analysis: An Essential Discipline for Systems Modeling and Policy Support.” 
Environmental Modelling & Software, 104954–104954. https://doi.org/10.1016/j.envsoft.2020.104954.

Saltelli, Andrea, Ksenia Aleksankina, William Becker, Pamela Fennell, Federico Ferretti, Niels Holst, Sushan Li, and Qiongli 
Wu. 2019. “Why so Many Published Sensitivity Analyses Are False: A Systematic Review of Sensitivity Analysis Practices.” 
Environmental Modelling & Software 114 (April): 29–39. https://doi.org/10.1016/J.ENVSOFT.2019.01.012.

Saltelli, Andrea, and Paola Annoni. 2010. “How to Avoid a Perfunctory Sensitivity Analysis.” Environmental Modelling & 
Software 25 (12): 1508–17. https://doi.org/10.1016/j.envsoft.2010.04.012.

Saltelli, Andrea, M. Ratto, T. H. Andres, F. Campolongo, J. Cariboni, D. Gatelli, M. Saisana, and S. Tarantola. 2008. Global 
Sensitivity Analysis : The Primer. John Wiley. https://doi.org/10.1002/9780470725184.

Sobol’, I.M. 1993. “Sensitivity Analysis for Non-Linear Mathematical Models,.” Mathematical Modelling and Computational 
Experiment (Translated from Russian: I.M. Sobol’, Sensitivity Estimates for Nonlinear Mathematical Models, Matematicheskoe 
Modelirovanie 2 (1990) 112–118) 1 (4): 407–14.



More material at www.andreasaltelli.eu
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