SANa

t3 Computer Physics
?ﬁ Communications

Computer Physics Communications 136 (2001) 212—-224

www.elsevier.nl/locate/cpc

Sensitivity analysis in model calibration: GSA-GLUE approach

M. Ratto*, S. Tarantola, A. Saltelli
Ingtitute for Systems, Informatics and Safety, European Commission, Joint Research Centre, Via E. Fermi 1, TP 361, 21020 Ispra, Italy

Received 9 January 2001

Abstract

A new approach is presented applicable in framework of model calibration to observed data. The approach consists of a
combination of the Generalized Likelihood Uncertainty Estimation technique (GLUE) and Global Sensitivity Analysis (GSA).
The method is based on multiple model evaluations. The GSA is a quantitative, model independent approach and is based on
estimating the fractional contribution of each input factor to the variance of the model output, also accounting for interaction
terms. In GLUE, the model runs are classified according to a likelihood measure, conditioning each run to observations. In
calibration procedures, strong interaction is observed between model parameters, due to model over-parameterization. The use
of likelihood measures allows an estimate of the posterior joint pdf of parameters. By performing a GSA to the likelihood
measure, input factors mainly driving model runs with good fit to data are identified. Moreover GSA allows highlighting the
basic features of the interaction structure. Any other tool subsequently adopted to represent in more detail the interaction
structure, from correlation coefficients to Principal Component Analysis to Bayesian networks to tree-structured density
estimation, confirms the general features identified by GS2001 Elsevier Science B.V. All rights reserved.
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1. Introduction ciated with the outcome (response) of the model itself.
Uncertainty Analysis (UA) and Sensitivity Analysis

This work addresses the problem of model calibra- (SA) are therefore prerequisites for model building in
tion to observed data for distributed models. Generally 5py field where models are used.

speaking, mathematical models are characterized by a  pjodel uncertainty can be accounted for by the

certain dggreedofl ugcertamty, resu(ljtmé; both from un- o jication of parametric uncertainty methodologies
certainty In modele processes and o servation €ITors, and conditioning model predictions on observations.
and the structural and numerical errors of the mathe-

In the last decade, a method based on the concept

matical model. ) . L
Good modeling practice requires the modeler to of Bayesian Inference for uncertainty estimation, has
provide an evaluation of the confidence in the model been usgd n hy_drolpgy as the_ Generalized Likelihood
predictions; possibly assessing the uncertainties asso-Uncertainty Estimation Technique (GLUE) [1,2]. The
GLUE technique is as an extension of the Gener-
* Corresponding author. alized Sensitivity Analysis methodology, which has

E-mail address: marco.ratto@jrc.it (M. Ratto). now come to be called Regional Sensitivity Analy-
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sis (RSA), by Spear and Hornberger [3,4]. GLUE has

213

interaction structure is the main goal of the present

been developed from an acceptance of the possiblepaper.

equifinality of models, i.e. different sets of model fac-
tors/structures, lumped under the term ‘input factors’
in this work, may be equally likely as simulators of the
real system. It works with multiple sets of factors, typi-
cally via Monte Carlo sampling, and applies likelihood
measures to estimate the predictive uncertainty of the
model. Model realizations are weighted and ranked on
a likelihood scale via conditioning on observations and
the weights are used to formulate a cumulative distrib-
ution of predictions. Applying the RSA terminology,
model structures/factor sets with almost zero likeli-

hood can be classified as hon-behavioral and rejected.

In the RSA-GLUE framework, the basic role of SA
is also clear. In general, SA is aimed at establishing
how the variation in the model output can be appor-
tioned to different sources of variation, in order to es-
tablish how the given model depends upon the infor-
mation fed into it. When one is mainly interested in the
predictive uncertainty, a sensitivity analysis can help
in better explaining the model structure and the main
sources of model output uncertainty. Additionally, in a
calibration problem, a quantitative SA able to account
for conditioning on observations, can provide useful
information about the model internal structure and,
above all, of the interaction structure among model
factors resulting from the conditioning itself. The de-
termination of an interaction structure between model
factors, in fact, is a typical feature of the RSA-GLUE
classification of model realizations, where (complex)
structured factor subsets having similar likelihood of
being simulators of reality are identified. Spear at al.
(1994) [5] found that the application of conventional
multivariate statistics like principal component analy-
sis to analyse interaction is not very revealing and
Spear (1997) [6] showed also that complex paramet-
ric interactions do not become evident from looking at
univariate marginal probability densities. So, the deep
inspection of this interaction structure is a challeng-
ing aspect of RSA and the development of suitable
methodologies is still an open problem. The perfor-
mance of a Global Sensitivity Analysis (GSA) con-
ditioned to observations (i.e. a SA of the likelihood
measure to model factors), as well as the evaluation
of the effectiveness of GSA for the analysis of the

Inthe GLUE approach, factors are never considered
independently but as sets of values. The likelihood
measure for each model realization is associated with
a particular set of factors, conditioned on the observed
data. From the methodological point of view, when
a detailed SA is to be performed on such kind of
‘output’, some peculiar aspects have to be taken into
account:

e NON monotonic input—output mapping;

o high level of interaction between input factors.

The former aspect is mostly due to the form of
likelihood measures, inherently non-monotonic. The
latter is connected to model equifinality or over-
parameterization, i.e. many different combinations
of input factors give the same model performance
when conditioning on observations. These aspects
pose severe constraints about the SA methods to be
applied. In particular, it can be expected that MC
regression based methodologies are poor for this kind
of study and that global, model independent or model
free techniques should be used.

In the RSA of Spear and Hornberger, a classifica-
tion algorithm is applied to the model output, result-
ing in a classification of each model run as behavioral
or non-behavioral. The factor sets leading to the result
are stored according to the behavioral outcome. Sub-
sequently all factor vectors are analyzed to determine
the degree to which tha priori distributions separate
under the behavioral mapping. The separation, or the
lack thereof, forms the basis of the generalized sensi-
tivity analysis.

Another SA approach applied in the past has been
to evaluate the marginal distribution of likelihood for
each factor by integrating across the factor space [2].
A simplified approach is given by ‘visual’ SA based
on scatter plots of the likelihood measure vs. sin-
gle factors. When significant patterns are detected,
a pronounced influence on model predictions can be
concluded. Moreover, subsets of better model per-
formance can be singled out for such influent fac-
tors.

Both the RSA and the scatter plots by Romanovicz
et al. address well the problem characteristics, above
all as far as the non-monotony is concerned. How-
ever, they are quantitatively poor (both) and are not
very efficient in the case of strong interaction. A pos-
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sible extension of RSA for the study of factor inter- 2. The method

action has been presented in Hornberger and Spear,

1981 [7], based on the diagonalization of the corre- The methodology consists of a combination of the

lation matrix of the input factor sub-sample under the GLUE technique with variance based GSA (extended

behaviour classification. More recently, Spear et al. [5] FAST, Importance measures, Sobol’ indices, etc.) [9].

provided a further extension of RSA, consisting of a

tree-structured density estimation technique to char- 2.1. Short description of GLUE

acterize the complex interaction in the portion of the

factor space rising successful simulation. As a result, A thorough description of can be found in Refs. [1,

the factor space can be partitioned into small, densely 2]. The GLUE procedure is based upon making a large

populated regions and relatively large, sparsely popu- number of runs of a given model with different sets of

lated regions. factor values, chosen randomly form specified factor
In order to improve the sensitivity analysis aspects distributions. Different sets of initial, boundary con-

of model calibration and uncertainty prediction, in the ditions or model structures can also be considered.

present paper we apply variance-based Global Sensi-On @ basis of comparing predicted and observed re-

tivity Analysis methods (GSA) (see Archer et al. [8] SPONSes, efa\ch set_ of factor values is assigned a I|_k¢||—

for a review). Variance based methods are based onN00d of being a simulator of the system. The defini-

the decomposition of the model output variance into a 10N of the likelihood measure is matter in the GLUE

sum of terms depending on single factors and on in- framework and the uncertainty prediction can strongly

teraction terms of increasing order. They are quantita- d6P€Nd on that definition. In a Bayesian framework,
tive methods and work without any restriction about this is connected to how errors in the observations and

monotony or additivity of the model. The only re- in the model structure are represented by a statisti-

quirement is that all what we desire to know about cal model. However, such a differentiation is not rel-
the model output is captured by its variance. Ap- evant as far as the application of GSA is concerned,

plication of variance-based methods allows the de \r':’h'(:jhn']s corrr1pa|t_||blr(? to far;)ihdeflnll;uon fOfir:thii l;i(e“-n q
termination not only of main effect of input fac- W(i)tcf)mut (Ie(?sssuo? eie(r:ael}toaminsatﬁeodi:fergnf )c/);si—
tors (equivalent to RSA or scatter plots) but also of 9 Y, 9 P

the total effect of each factor in combination with ble likelinood measures [1,2,10], the following is used

all the others. Such a quantification is very useful, here:

since it allows a classification of factors according to, 1\"
o ? L(e,-|Y)=(—2) : (1)
o factors with high main effect: such factors affect h l
model output singularly, independently of interac- where
tion; , 1 Nobs )
o factors with small main effect but high total effect: 0" = 55 PADEILD))! &)
such factors influence the model output mainly j=1
through interaction; is the mean squared difference between predictions

o factors with small main and total effect: such factors and observations for thi¢h factor set.
have a negligible effect on the model outputand can  Rescaling of the likelihood measures such that the
be fixed at a nominal value. sum of all the likelihood values equals 1 yields a dis-
The first class of factors can be detected also with tribution function for the factor sets. From this, the
the other methodological approaches (RSA, scatter uncertainty estimation can be performed, by comput-
plots, regression analysis), while the second class ing the model output cumulative distribution, together
could be qualitatively evaluated through the exten- with prediction quantiles.
sion of the RSA in Hornberger and Spear [7] (in An interesting feature of this approach is that inter-
case of second order interactions) and in Spear action between factor values is reflected implicitly in
etal. [5]. the likelihood measure associated with the factor sets,
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so that no hypothesis about the correlation structure . VIEYIXi =x7, X; =x7)]
is necessary in defining theior distributions of the "o V()
model factors. VIE(Y|X; =x/)] - VIE(Y|X; :x;'.‘)]

The GLUE methodology allows also combining or -
updating likelihood measures, by applying the Bayes
theorem [1].

5
V) (5)
From the definitions in Egs. (4) and (5), a complete

series development of the output variance can be
achieved:

1:2&—{—2517—{- Z Sijm + -+ S12.k, (6)
i

i<j i<j<m

2.2. Short description of variance-based GSA

A thorough description of sensitivity analysis meth-
ods, including linear regression, correlation analysis, Where higher order terms are defined in a similar way
importance measures, variance-based and screenind0 EQ. (5). Given that the estimation of each sensitivity
methods, can be found in Saltelli et al. [9]. index, be itS;, S;; or higher order, might require a

In variance-based methods the output variance) significant number of model executions, the analysis is
can be decomposed in the sum of a top marginal vari- rarely carried further after the computation of second
ance and a bottom marginal variance [11]. Specifi- order indices (their number isk — 1)), as the related

cally, computational load might be impracticable.
The investigation of higher order effects is compu-
V) =V[EXID)]+E[VXIU)]. (3) tationally cheaper itotal sensitivity indices are em-
ployed. The total sensitivity indeSr; for the factor
where U is a group of one or more element. X; collects in one single term all the interactions in-

The top marginal variance fron/ is the expected  yolving X;. It is defined as the average output vari-
reduction of the variance df in casel/ becomes fully ance that would remain as long &s stays unknown
known and is fixed at nominal values, whereas other (j.e. the bottom marginal variance with grouping all
inputs remain variable as before. The bottom marginal factors butx;):

variance fromU is defined as the expected value of ~ ElV(Y|X_; =x*))]

the variance of’ in case all inputs but/ become fully Sri = ©)
known,U remaining as variable as before. V)

The main effect or first order sensitivity indes, The termX_; indicates all the factors but;. The use-
representing the Sensitivity df to the factorX;, is fulness of theSy; is in that they can be Computed with-

defined as the top marginal variance divided by the Out necessarily evaluating the single indic%g...,

total variance, where the subgéteducesto the single ~ thus making the analysis affordable from a computa-
factor X;: tional point of view [15].

Estimating the pairs;, St;) is important to appre-
VIEY|X; =x])] 4 ciate the difference between the impact brof the
V() (4) factor X; alone (theS;) and the overall impact oif
) . of factor X; through interactions with the others (the
and represents Fhe average output variance reductlonSTi)_ Such property is particularly interesting in a cal-
that can be achieved whexy becomes fully known b ation framework, where high order interaction are
and is fixed. Estimation procedures f6f are the ,55)ly encountered. Efficient estimators of the pair
Fourier Amplitude Sensitivity Test, FAST [12], the (S;, S1) are provided by variance-based techniques
method of Sobol’ [13], and others [14]. Higher order g,ch as the extension of the Fourier Amplitude Sen-

sensitivity indices, which quantify the sensitivity of itjyity Test (FAST) [16] and the Sobol’ method [15].
the model output to interactions among subsets of

factors, can be estimated using similar formulae. 2.3. Combined GSA-GLUE approach

For instance, the second order sensitivity indgx

representing the sensitivity of to the interaction The way of combining GSA and GLUE is straight-
betweenX; andX, is forward. It is necessary that the sample generated for

S =
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the GLUE analysis is designed also for the computa- 1h IR,
tion of variance-based sensitivity indices. So a Sobol’ -

sample or a FAST sample should be used. In this way, 0.8r

by applying the same set of model runs, predictive

uncertainty can be estimated, sensitivity indices com- 0.6f

puted and bootstrapping performed.

0.4r/ — data|]
- 95%
. . 0.2} — 5%
3. Chemical experiment case study
A very simple chemical system has been considered 00 50 100 150 200

as a first case study, consisting of the observation
of the time evolution of an isothermal first order
irreversible reaction in a batch systefim— B. Such a
system is described by the following model equation:

Fig. 1. Experimental time series and 5 and 95% confidence bounds
for the outputy, using the likelihood measure/d?.

dﬁ — kya, @) Lapbuktef;ctors used for the GSA-GLUE analysis and distributions
dt Factor Distribution
where koo U[0, 5e5]
Vi = 4 %, i=A,B, E U[4500, 5500]
nr  n,+ng yg U[o, 0.3]

is the dimensionless concentratidgnis the chemical
kinetics rate constant.

The solution to this ordinary differential equation
leads to:

model, with a complex structure, in which the underly-
ing interaction between factors is not elementarily de-
tectable. In fact, the strong interaction betwégnand
ye(t) =1+ (y3 — 1) exp(—ki). 9) E is a well-known feature in the estimation of chemi-
cal rate constants (see, e.g., [17]).

An LP; sample of size 2048 [18] was generated
to estimate Sobol' sensitivity indices (first and total
effect). Two model outputs have been considered: the
physical outpuw s (¢) and the likelihood measure with
0o =2.5e5s1, N =1,4. By increasingN, we give a much higher
weight to good runs, while most runs are classified as

An experiment has been simulated, by considering the
following operating conditions:

k = koo €Xp(—E/RT),

E/R=5000K (10) ‘unlikely’.

T =300K,

k—0014sY] 3.1. GLUE analysis

yg =0.1 In Fig. 1 the confidence bound (5 and 95%) of the

outputyg is shown, obtained by using the above de-
To simulate observations, a normally distributed error fined likelihood measure wittv = 1. This is an ex-

has been added to the analytical behaviour, with ample of use of GLUE for the prediction uncertainty.
zero mean and standard deviation 0.05. The pseudo-
experiment considered for the present test case is3.2. Global sensitivity analysis
shown in Fig. 1.

Three factors have been considered in the GSA- In Fig. 2 scatter plots are shown for the likelihood
GLUE study (see Table 1). This case study is designed measure vs. the three factors, while results of the
to represent the typical case of an over-parameterizedSobol’ SA vs. time are shown in Figs. 3 and 4
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Fig. 4. Sobol’ total order sensitivity indices for the outpugt(z).
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Fig. 5. Sobol’ sensitivity indices for the likelihood measitgo?).

for the physical outputyp () and in Fig. 5 for the
likelihood measure. Scatter plots provide the same
type of information as main effect sensitivity indices.
In fact, the conditional variance defining main effects
in Eq. (4) can be ‘visualized’ in scatter plots. The inner
expectation is the mean of the likelihood measure
at fixed values of the factor;, i.e. by considering
vertical ‘slices’ in the scatter plot. If such a mean
] varies strongly by varying;, the main effect is high.

4 Accordingly we must see a clear pattern in the scatter
08 A plot by moving along the abscissas.

06 . — 3.2.1. Analysisof the physical output
/\D\n o The numeric values of the Sobol’ indices are shown
04 ‘ — 0 in Tables 2 and 3. Sobol’ sensitivity indices show
a trend in time where the initial condition is
02 5 important for the very initial time period, while the
/ ““ factors of the chemical rate constant prevail for the
rest of the simulation. The sum of the first order
indices is never smaller than 0.86. By considering the
Fig. 3. Sobol’ 1st order sensitivity indices for the output(r). total effect sensitivity indices, a very slight increase

ymod[1] ymod[51] ymod[101] ymod[151]
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Table 2 scatter plots, first order indices) we can conclude
Sobol 1st order indices ofp (1) at different times that no single factor drives the model to be more
=1 r=51 1=101 t=151 ‘behavioral’ and that interaction mainly characterizes

Koo 0.00431 035322 042291 046856 model calibration. On the basis of the main effect,

it is not possible to get any information about the
interaction structure.
Y) 094262 0.02841 0.01603 0.01167 By analyzing the total effect indices, very high
sensitivity is detected for the chemical kinetics factors,
Table 3 implying that the behavioral runs are driven by an
Sobol’ total order indices of 3 (¢) at different times interaction between them. On the other hand, the
influence of the initial condition is small also in

E 0.02897 0.56321 0.49595 0.42532

r=1 t=51 +=101 +=151 - .
terms of total effect. So, total effect indices provide
Koo 0.02397 0.40774 0.4765 054324 3 quantitative completion of the sensitivity analysis,
E 0.04509 0.61671 0.55044 050147  allowing the identification of the factors that are
Y9 094789 0.03302 0.0188 0.01263  Mostly interacting.
3.2.3. First conclusions about GSA
Table4 = , From these results, one may conclude that:
Sobol’ sensitivity indices using/ = 1 (1) the initial condition can be judged as unimportant,
1st order Tot order since it has the smallest total effect;
koo 0.02289 0.77898 (2) the chemical rate factors mainly drive the model
E 0.13028 0.97787 ﬂ'F to the e>_<per|mental data, since they have the
0 highest main and total effects;
B 0.00063 0.17242 (3) on the other hand, the chemical rate factors can-

not be precisely estimated, since the absolute val-
in the absolute values with respect to the first order ues of the first order indices are small, leaving the

sensitivity indices is detected. This implies that few main contribution to the output variance to inter-
interaction is revealed by the analysis of the physical action terms;
output, which simply singles out the importance of (4) the high difference between main and total effects
both kinetic factors. implies that the model is over-parameterized.

We claim that items (1)—(4) can be taken as gen-
3.2.2. Analysis of the likelihood measure eral rules for the analysis of model calibration to ex-

Numeric values of the Sobol’ sensitivity indices are perimental data. In particular, it is very interesting the
shown in Table 4. In this case, the sensitivity behaviour deep relationship singled out in items (3) and (4) be-
is strongly modified. Scatter plots are a representation tween the difference between total and first order sen-
of the marginal posterior distribution for the input sitivity indices, the indeterminacy of the optimization
factors. By considering the scatter plots, no clear trend (estimation) problem, the interaction structure of the
can be seen for the chemical rate factors, while for the input factors in the posterior pdf conditioned on the
initial condition a trend is detected only for the high observations.
values of likelihood, but no subset can be singled out
for yg, where the likelihood measure has only high 3.2.4. SA on model output and on its likelihood: what
values. Also applying the Hornberger and Spear RSA differences?
approach (not shown here), no appreciable separation By comparing results in the previous sections, it
in the factor distribution is detected, when separating is evident that the input—output structure is much
runs with high likelihood/small likelihood. This is more complicated when using the likelihood than
reflected in the first order sensitivity indices, which are considering the physical output. In particular, we
much smaller than the main effects for the physical should generally expect that the likelihood function is
output. From the analysis of the main effect (RSA, non-monotonic with respect to the input factors and
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that more interactions are reflected by the use of the available for the analysis of the interaction structure,

likelihood. This implies some restriction as far as the
SA tools to be applied: specifically, only variance-

such as the tree-structured density plots by Spear et
al. [5] or the construction of Bayesian networks in the

based methods are suitable, since they are model free space of the input factors [20]. However, in this simple

they are able to deal with non-monotonic behaviour
and to reveal interaction terms.

Finally, in the present test case, we knew that there
exist an interaction betweef and k., but only by
analyzing the likelihood we could appreciate it. This
implies that SA for the likelihood gives very useful
information for model calibration.

3.2.5. Further analysis
The further work on this simple system aims at ver-

ifying the statements above and to get further infor-

mation from the analysis of the likelihood measure.

Specifically:

— Adeeper study of the interaction structure. This will
show how any tool applied to represent in more de-
tail the interaction structure confirms the basic fea-
tures identified by the GSA. Moreover some ideas
are also shown on how improving the use of the in-
formation provided by the likelihood measure for
the analysis of the interaction structure. In Spear’s
RSA, the model outcome classification is based on

a separation in the behavioral/unbehavioral classes.

So, no likelihood measure is defined for the differ-
ent sets of input factors and the inspection of the
interaction structure can be performed only based
on the sub-sample of the behavioral runs (corre-
lation matrix, PCA, tree-structured density estima-
tion). On the other hand, in the GLUE approach, the
likelihood measure provides very useful additional
information about the posterior joint pdf, which can
be effectively used to analyse the interaction struc-
ture.

— The modification of the set of observations in order
to modify the interaction structure. This will allow
verifying that the GSA results change according to
the new structure.

3.3. Analysisof theinteraction structure

This analysis aims at studying in more detail the
properties of the posterior joint pdf of the input fac-
tors. Moreover, this analysis allows a direct verifica-
tion of the effectiveness of GSA in highlighting fac-
tors driving ‘behavioral’ runs. Advanced methods are

case study, the application of more simple techniques
is effective. Moreover, the information provided by the
likelihood measure will be applied. The first idea is to
study the covariance structure of the posterior distri-
bution of the input factors obtained by applying the
likelihood measure.

By normalizing likelihood measures we obtain
weights such as:

Z wi (X) =1, (11)
=1

wheren is the sample size andis the vector of input
factorsx = (x1, x2, ..., Xm).

The properties of the posterior marginal distribu-
tions can be evaluated as follows:

n
E(xj)=2xijwi(x)=ﬁj,

12)
i=1
n
Vi =) xfiwix) —pi=67 (13)
i=1
and defining the new standardized factors:
gj=2 1 (14)
gj

the correlation coefficients can be estimated as:

n
Pik = Zf:‘jiikwi (x) e (=1, 1).
i=1

(15)

Such correlation coefficients would allow evaluating
the pair-wise interaction structure, which is usually
not observable from the total sensitivity indices. This
analysis is similar to the approach presented by Horn-
berger and Spear [7] but with a major difference: in
RSA, correlation structure is analyzed on the behav-
ioral subset, while here all runs are used by applying
different weights. This allows using the whole infor-
mation.

In our test case, the matrix shown in Table 5 gives
the posterior correlation structure. The posterior dis-
tribution confirms the interaction between the kinetic
factors highlighted by the GSA. When high values of
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Table 5 Table 6
Estimate of the correlation matrix of the posterior joint distribution ~ Principal components of the posterior joint pdf
koo E % PC1 PC2 PC3
koo 1 0.6682 —0.0387 55.67% 33.67% 10.65%
E 0.6682 1 0.0901 koo 0.7034 0.1325 0.6983
yg —0.0387 0.0901 1 E 0.7087 —0.0553 —0.7034
yg 0.0546 —0.9896 0.1329

the correlation coefficients are detected, they also sug-
gest a way to reduce the input factor space, in partic-
ular if the coefficient is positive, the couple of factors
acts in the model as a quotient/difference, if it is nega-
tive they act as a product/sum. In the case under analy-
sis, the positive sign correctly reveals the quotientin-  0.0224 0.0074 0.5816
teraction ofksc and E. This is a clarification of what

we claimed in the previous paragraphs: GSA allows a ]

general, quantitative, model free identification of basic €an be seen as an evaluation of the sub-space of all the
features of the interaction structure. On the other hand, POSSible solutions for the under-determined calibration
it does not allow a complete representation of such a Problem. In other words the direction determined by
structure. Such a representation can be drawn apply-PC1 is the direction along which the likelihood has,
ing other tools, which, on the other hand, require the On average, the smallest variation. This is also shown
introduction of more stringent assumptions about the In the scatter plot of Fig. 6. The principal components
interaction structure and have a less general applica-9Ive Us an evaluation of the equifinality sub-space
bility. In all cases, such representations confirm GSA Of the input factors. If we find a factor set leading
results (in this case the interaction between the kinetic {© @ ‘behavioral’ run and we move along PC1, we
factors) and GSA, therefore, is a ‘common denomina- Would have the highest probability, on average, to find

Table 7
Estimate of first order sensitivity indices for principal components

PC1 PC2 PC3

tor’ to them. behavioral runs, i.e. we are moving in the equifinality
sub-space. In particular, by observing the coefficients
3.3.1. Principal component analysis for koo and E in PC1, given a ‘good’ factor set, the

Another easy way for the representation of the in- model quality is not changed, on averagéif and £
teraction structure is provided by the performance of are augmented/decreased by the same fraction of their
a Principal Component Analysis (PCA). Let us imag- standard deviation.
ine to have a sample from the 3-dimensional posterior ~ The same conclusion can be obtained from another
joint probability distribution(ko, E, yg)_ PCA of this point of view, i.e. analyzing PC3. Along PC3 (the one
sample consists of determining the eigenvalues and with the smallest eigenvalue), the likelihood measure
eigenvectors of the correlation matrix of the sample has the greatest variation (see Fig. 6). This implies
(see, e.g., [19]). Eigenvectors provide a transforma- that, for a good model calibration, the first factor to be
tion matrix from the space of the (standardized) orig- fixed should be PC3. However, by comparing PC1 and
inal factors to the principal components. Such com- PC3, it can be noted that to fix PC3, almost exactly
ponents will have null correlation under the posterior correspond to move along PC1. So, as before, we
pdf. Diagonalization of that matrix above determined obtain that an approximated evaluation of the structure
matrix provides the transformation between the origi- of the equifinality sub-set is given by the sub-space
nal (standardized) factors to the principal components spanned by PC1. This is also reflected by the main
in the posterior joint pdf. This is shown in Table 6. effect sensitivity indices, which are clearly dominated

PC1 is the main component and accounts for the by PC3 (see Table 7).

56% of the total variance in the joint posterior factor Sensitivity indices have been evaluated by applying
space. PC1 is dominated by the kinetic factors, and the definition given in Eq. (4), where the conditional
essentially is the sum dfx, and E. This component  expectations are computed by dividing the domain
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clear description of the interaction structure defined
by the equifinality sub-space of the input factors.
However, as already explained in the introduction [5],
in more complex cases, it is often verified that the
interaction structure cannot be summarized mainly
into second order terms and PCA is not informative.
So it cannot be generally expected that PCA is
effective.

In such cases, a deeper comprehension of the inter-
action structure needs more powerful techniques, such
as the tree-structured density estimation technique by
Spear et al. [5], or the use of Bayesian networks [20].
In all cases, GSA results will be confirmed by any par-
ticular representation.

1/62

3.3.2. Bootstrapping

Further inspection in the posterior joint pdf can be
obtained by a bootstrapping procedure. Each factor
set can be sampled with a frequency proportional
to the weight assigned by applying the likelihood
measure (Russian roulette). As a result, a sample of
the posterior joint pdf is obtained by using the same
runs of the previous analyses. By considerivig= 1,
we obtain a new sample with the correlation matrix in
Table 8, matching very well the evaluation performed
in the previous section:

On the other hand, by considerin§y = 4, the
correlation matrix of Table 9 is obtained, with a much
larger correlation between kinetic factors.

11’62

1!{52

Table 8
Correlation matrix of the new sample obtained with bootstrapping,
with N =1 in the likelihood measure

koo E y%
0 k 1.0000 0.6615 —0.0266
PC3
E 0.6615 1.0000 0.0898
Fig. 6. Scatter plots for the principal components in the space yg _0.0266 0.0898 1.0000

defined by the posterior joint pdf.

of each component in bins of equal probability. For Table 9
each bin, the expected value is computed. Finally, the C_orrelation_matrix_ of ‘the new sample obtained with bootstrapping,
variance of the expectations is calculated. The central WiV =4 in the likelihood measure
limit theorem suggests that bins of equal probability koo E 3
can be defined assuming that principal components ., 1.0000 0.9433 0.0041
have normal distributions.

In this simple case study, the study of the correlation
matrix and the performance of a PCA give us a quite _2B

0.9433 1.0000 0.0762
0.0041 0.0762 1.0000
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5500 On the other hand, the application of a GSA

iy provides a quantitative evaluation about fundamental

: %"% aspects of the calibration problem, such as:

o e which factors are important for calibration, i.e. are
somehow conditioned by observations;

o the degree of complexity of the interaction struc-
ture;

e which factors are involved in the interaction struc-
ture.

Such information has a general validity, since it

is obtained without assumptions about the model

structure and/or the error structure. So, even if it

does not provide a complete representation of the

interaction structure, GSA reveals some general and

basic properties of such a structure, which are common

to any more detailed representation and which are not

affected by any “modeler’s prejudice”.

W 5000

4500 6
X 105

Fig. 7. Projection of the joint posterioir pdf defined ys2)# onto
the planeko, E).

Bootstrapping is not only useful for determining
correlation, but, e.g., to observe the projection of the
posterior pdf onto planes in the factors space. For 3.4. Further analysis by varying temperaturein the
example it is interesting to look at the projection of the data set: fewer interactionsin the model
posterior joint pdf onto the plané, E) in Fig. 7.

The non-linear shape of the scatter plot indicates | o s now consider the same chemical system, but
j[ha.t the effectlve.mternal complnat|on bk andE assume that 9 sets of observations are available at
inside the model is more complicated than the simple g iterent temperatures: in particular, we considered
relationships(E — kog) = €onst or(E/koc) = €ONSt g6 measurements at each temperature for a total of 45
(i.e. linear relationships). In fact, the right relationship  ysarvations. The new pseudo-experimental data are
should .be[!og(koo_)/f:] = const. shown in Fig. 8. It is assumed that the temperature of

Qualitatively similar projections could also be ob-  gach gbservation is known so as the model contains
tained by applying a Monte Carlo filtering. However, a\ays three factors for calibration. The likelihood
likelihood measures allow using all the runs and there- easure is the inverse of the mean square difference
fore alarger amount of information. Finally, itisworth  atween the model and experiments over the nine time
noting that the bootstrapping approach can have a gen-ggyjes.

eral application, whatever the method used forthe rep-  ggpqr sensitivity indices have been computed for

resentation of the interaction structure. the likelihood measure of the model simulations and
are shown in Table 10. Posterior joint pdf correlation

3.3.3. Conclusions about the representation of the matrix is shown in Table 11.

interaction structure As expected, when the temperature range of the

The performance of a GSA on the likelihood mea- different experimental measurements is varied signif-
sure does not necessarily provide a complete repre-icantly, the interaction between the kinetic factors is
sentation of the interaction structure. The clear rep- strongly reduced. Correspondingly the absolute val-
resentation of the interaction structure is something ues of the first order sensitivity indices become much
additional with respect to the performance of a GSA larger, summing up to almost one. Under the partic-
and can be in some cases a formidable task. This ular operating conditions chosen, the influence of the
task usually requires the use of computationally in- two kinetic factors does not split uniformly, but con-
tensive methods and/or the formulation of hypotheses centrates ork,,. This is not a general result. What
about the interaction structure and the introduction of has to be expected in general is the decrease in the
a certain degree of arbitrariness for such representa-interaction of the model as a whole. This means that
tion. the ‘posterior’ pdf structure can be described elemen-
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Fig. 8. Experimental data at 9 different temperature vs. dimensionless time-scale.

Table 10 models with distributed output. The methodology

Sobol’ sensitivity indices obtained performing the GSA-GLUE consists of a combination of the GLUE and GSA
analysis with the new observation data set (Fig. 8) methodologies. GSA allows a quantitative assessment

1st order Tot order of model factors mainly driving model behavioral

koo 0.63072 0.68821 runs. The use of GLUE, through the definition of a

likelihood measure for each model run, allows the

EO 0.07971 0.11696 performance of a GSA conditioned to observations.
YB 0.29506 0.3192 The likelihood measure provides an estimate of the
posterior joint pdf of the input factors and its in-
Table 11 depth analysis allows a description of the interaction
Correlation matrix of the posterior joint pdf obtained performing the ~ Structure between factors, connected to model over-
GSA-GLUE analysis with the new observation data set (Fig. 8) parameterization. GSA allows a quantitative decom-
koo E 9 position of the likelihood variance with respect to the
o 1 0.0366 00432 mp_ut factor_s,_ mcludmg_ hlgh order terms. Factors pro-
viding negligible contributions to the likelihood vari-
E 0.0366 1 0.0079

ation can be clearly identified, allowing the modeler
9 —0.0432 0.0079 1 to exclude them from the calibration procedure and to
fix them at a nominal value. On the other hand, factors
. ) having a significant impact on the likelihood measure
tary, as a summation of first order effects. Moreover, , . ; .
(either as a main effect or as a total effect in interac-

in this case, estimation capability can also be more . . )
recisely assessed. as in the classical factor estima tion with all the other factors) have to be accounted in
b y ' . calibration, since they are able to drive behavioral runs
tion problems. In the present case, the Arrhenius pre-
. . : ! of the model.
exponential factor will be very well estimated, while

the activation energy is not well determined, not be- Model over-parameterization usually implies that
gy s no . factors important for calibration hardly have an effect
cause of under-determination, but because it does not

fract significantly the ‘obiective’ funci identifiable throu_gh elementary_ structL_Jres. On the
atrect significantly the ‘objective-function. other hand, a highly complex interaction structure
is usually present. The analysis of the interaction
4. Conclusions structure is a challenging problem and a general
method for assessing the posterior joint pdf is hardly

In the present paper, a new methodological ap- to be identified. Some degree of arbitrariness in the
proach is presented applicable in the calibration of construction of such tree-structures [5] or Bayesian
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networks [20] cannot be avoided. Global SA can
be very useful in this context, since it provides
quantitative criteria for choosing ‘leading’ factors
based On_ main ?‘nd tOt"_’ll effect. Such criteria do n.Ot [7]1 G.M. Hornberger, R.C. Spear, J. Environmental Manage-
necessarily provide a direct, complete representation ment 12 (1981) 7-18.
of the interaction structure. However, the advantage of [8] G. Archer, A. Saltelli, I.M. Sobol’, J. Statist. Comput. Simula-
variance based GSA is that it makes few assumptions tion 58 (1997) 99-120. . _
on the structure of the errors and of the input—output 9 A Saltelli, K. Chan, M. Scott (Eds.), Sensitivity Analysis,

. Wiley Series in Probability and Statistics, John Wiley & Sons,
mapping. So, GSA results can be taken as a common oo o000
denominator to all other tools applied to represent the [10) R. Romanowicz, H. Higson, I. Teasdale, Environmetrics 11

interaction structure. (2000) 351-371.

[11] M.J.W. Jansen, W.A.H. Rossing, R.A. Daamen, in: G. van
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